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1 (a) Let G = (V,E) be a finite connected graph and let T be a spanning tree of
G chosen uniformly at random. Let s, t be distinct vertices of G, and think of G as an
electrical network with unit edge-resistances, and source s and sink t. Show that

ixy = P (T has Π(s, x, y, t))− P (T has Π(s, y, x, t)), x, y ∈ V,

is a solution to the two Kirchhoff laws when a unit flow arrives at s and departs from t.
Here, Π(s, u, v, t) is the property of trees that the unique path from s to t passes along
the edge 〈u, v〉 in the direction from u to v.

(b) Let G = (V,E) be a subgraph of G′, and let T (respectively, T ′) be a uniform
spanning tree of G (respectively, G′). Show that P (e ∈ T ) > P (e ∈ T ′) for e ∈ E. [A
clear statement should be given of any general principle used.]

2 (a) Let (xn : n > 1) and (αn : n > 1) be real sequences satisfying xm+n 6
xm + xn + αm for m,n > 1. Show that the limit λ = limn→∞ {n−1xn} exists and satisfies
xn > nλ− αn for n > 1, under the assumption that n−1αn → 0 as n →∞.

(b) Consider bond percolation on Zd with d > 2 and parameter p ∈ (0, 1). Let
Λn = [−n, n]d and ∂Λn = Λn\Λn−1. Show that βn = Pp(0 ↔ ∂Λn) satisfies

βm+n 6 |∂Λm|βmβn, m, n > 1,

and deduce the existence of the limit γ = limn→∞{n−1 log βn}. Show that βn >
|∂Λn|−1e−nγ .

[A clear statement should be given of any general result to which you appeal.]

3 Write an essay on the uniqueness of the infinite open cluster for bond percolation
on Zd for d > 2. Your essay should include the main steps in the proof of uniqueness, with
emphasis on clear communication of the arguments used.
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4 (a) Explain the existence of the lower invariant measure ν and the upper invariant
measure ν for the contact model with parameter λ on Zd. Prove that ν = ν if and only if
θ(λ) = 0, where θ(λ) is the probability that infection persists for all time, having begun
at the origin only.

(b) Let pc(site) and pc(bond) be the critical probabilities of oriented site percolation
and oriented bond percolation on Z2. Show that

pc(site) 6 1− (1− pc(bond))2.

(c) Show that the critical value λc of the contact model on Z satisfies λc < ∞. [You
may assume that pc(bond) < 1.]

5 (a) Let E be a finite set and Ω = {0, 1}E . Explain what is meant by saying that
two probability measures µ1 and µ2 on Ω are stochastically ordered in that µ1 >st µ2.
State the Holley condition for µ1 >st µ2 when µ1 and µ2 are strictly positive.

Let µ be a strictly positive probability measure on Ω. State the FKG lattice
condition for µ. Show that µ is positively associated whenever it satisfies the FKG lattice
condition. [You may appeal to the stochastic-ordering statement of the first part of the
question.]

(b) Let G = (V,E) be a finite graph, and Σ = {−1,+1}V . Let π be the probability
measure on Σ given by

π(σ) ∝ exp

(∑
e∈E

σxσy

)
, σ = (σx : x ∈ V ) ∈ Σ,

where the summation is over all edges e = 〈x, y〉 ∈ E. With Σ viewed as a partially
ordered set, show that π is positively associated. [You may assume that the FKG lattice
condition holds for all pairs σ1, σ2 ∈ Σ if it holds for all pairs that agree at all vertices
except two.]
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6 (a) Explain what is meant by the exclusion process on the integers Z.

(b) Let ηt denote the exclusion process on Z with initial configuration η0, and let
At denote the set of occupied vertices of an exclusion process on Z with a finite number
|A0| of particles. Show that

P η(ηt ≡ 1 on A) = PA(η ≡ 1 on At), η ∈ {0, 1}Z, A ⊆ Z, |A| < ∞

where P ξ denotes the probability measure governing the appropriate process with initial
configuration ξ.

(c) A probability measure µ on {0, 1}Z is called exchangeable if the quantity
µ({η : η ≡ 1 on A}), as A ranges over the finite subsets of Z, depends only on the
cardinality of A. Show that every exchangeable probability measure is invariant for the
exclusion process.

END OF PAPER
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