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MODULAR FORMS

Attempt FOUR. questions.
There are five questions in total.

The questions carry equal weight.

You may not start to read the questions
printed on the subsequent pages until
instructed to do so by the Invigilator.
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1 Define the spaces My, Sy of modular and cusp forms of weight k£ for the modular
group SLo(Z). Show that multiplication by A = (Ef — E2)/1728 is an isomorphism
between M}, and Sjy12, and obtain the dimension formula for even k > 0:

k e
[12] if k=2 (mod 12)

— + 1| otherwise.
12

Show also that every modular form on SL2(Z) can be expressed as a polynomial in Fy
and E6.

[You may assume the formula

1 1 k
> () + Juilf) + §”p(f) +s(f) = 15

TH#Lp

for non-zero f € Mjy.]

ii) Show that if E4A = anl ¢nq™ then ¢, = o15(n) (mod 3617).

255
[The g-expansion of Fig is 1 + T 3617 E o15(n)q". |
n=1

2 Write an account of the theory of Hecke operators for modular forms on SLo(Z).
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3 (i) Let g(7) = 3_,,51 bng" where |b,| << n? for some o € R. Show that the Dirichlet
series L(g,s) =Y, ~, bpn™* satisfies the Mellin transform formula

s < s By
2r) “T()L(g.5) = [ gliny Y
0 Y
for Re(s) sufficiently large.
(ii) Let f € Sk(SL2(Z)) and N > 1, a, d integers with ad = 1 (mod N). By
a b
N d) € SLy(Z), show that

e+ ) =i - )

considering a suitable matrix

(iii) Suppose further that f has Fourier expansion chq". By considering the
n>1
Mellin transform of g(7) = f(a/N + 7), show that the function

N

M(f,a/N,s) = (%)SF(S) i e2mian/N p=s
n=1

has the integral representation

dy

MtV = [ (15 + )@+ 0 (S i) o))

1/N

and deduce that M(f,a/N,s) has an analytic continuation to C which satisfies the
functional equation

M(f,a/N,k—s) = (=1D2M(f,—d/N,s).
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4 (i) State and prove the Poisson summation formula, and use it to show that the
theta function -
1900(2’7_) — Z qn2/2tn (q _ 62711'7" t = 627TiZ)
n=—oo

satisfies

T 1/2 . 2
Yoo(z/7,—1/7) = (;) e™* /71900(2,7')

(ii) Show that

Yooz, 7)1 (2, T)O10(2, 7)1 (2, T 1
00(2, 7) 01(7911()221’0:) )91 ( ):2 Y00(0, 7)Y01(0, 7)910(0, )

where 0a5(2, 7) = i1*?¢*/3t%/290 (2 + ot +

) 7)-

[The transformation formula for ¥,z is

(—1)op(z+1,7) = Vap(z,7) = (—1)Bq1/2t19ag(z +7,7) . ]

5 i) What does it mean to say that a function on the upper half plane is modular of
weight k on a subgroup I' C SLy(Z)? Show that if f(7) is modular of weight k on SLy(Z)
then for any positive integer N, f(N7) is modular of weight k on

To(N) = {(Z Z) € SLy(Z) | ¢ =0 (mod N)}
ii) Let Eo(1) =1—243%, 5, 01(n)q". Show that
Ea(~1/7) = 22Es(r) + L.

Deduce that E5(7) = Ea(T) — 3 is modular of weight 2 on SLs(Z), where y = Im(7).
Yy

[You may assume that A has the product expansion A(r) = ¢[[(1 — ¢")?*, and
that PSLo(Z) is generated by the transformations 7 — 7+ 1, 7 +— —1/7.]

iii) Let N > 1 and ¢(M) € C be given for each M|N. Show that

> o(M)Ey(Mr)

M|N

is modular of weight 2 on I'g(N) if and only if > M ~te(M) = 0.
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