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1 Let jn be the Jackson operator, i.e., for f from C(T), the space of continuous
2π-periodic functions,

jn(f, x) =
∫ π

−π

f(x− t)Jn(t) dt, Jn(t) := 3
2πn(2n2+1)

sin4 nt
2

sin4 t
2

,

∫ π

−π

Jn(t) dt = 1,

Prove that, for any f ∈ C(T), we have the estimate

‖jn(f)− f‖ ≤ c ω2(f, 1
n ) ,

where ω2(f, t) is the second modulus of smoothness of f .

2 Let
Tn(x) = cos n arccos x, x ∈ [−1, 1], n = 0, 1, . . .

Prove that Tn satisfies the recurrence relation

Tn+1(x) = 2xTn(x)− Tn−1(x),

and hence prove that Tn is an algebraic polynomial of degree n. Find its leading coefficient,
and the number of its equioscillation points. Finally, from the first principles (i.e., without
using the Chebyshev alternation theorem), show that En−1(f), the best approximation to
f(x) = xn from Pn−1 on the interval [−1, 1], has the value

En−1(f) = 1/2n−1.
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3 a) Let U be a subspace and f an element of C(T), the space of continuous 2π-
periodic functions. Prove that if, for some p∗ ∈ U ,

sign (f − p∗) ⊥ U,

i.e., if
∫

p(x) sign [f(x) − p∗(x)] dx = 0 for all p ∈ U , then p∗ is an element of best
approximation to f from U in L1(T).

b) Prove that, for any f ∈ L1(T), and for any 0 < |m| < n, we have∫
T

f(nx)eimxdx = 0,

and hence show that, if also f ⊥ 1, then f(n·) is orthogonal to Tn−1, the space of
trigonometric polynomial of degree ≤ n− 1.

c) Use (a) and (b) to show that, for any α and β, the best approximation to

f(x) = α cos x + β sinx,

from Tn−1 in L1(T) is identically zero.
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4 Given a knot sequence ∆ = (ti)n+k
i=1 , let ωi and `i(·, t) be polynomials in Pk−1

defined by
1) ωi(x) := (x−ti+1) · · · (x−ti+k−1),

2) `i(·, t) interpolates (· − t)k−1
+ on x = ti, ..., ti+k−1.

Further, let
Ni := (ti+k − ti)[ti, . . . , ti+k](· − t)k−1

+

be the B-spline of order k with the knots ti, . . . , ti+k.

a) Prove Lee’s formula

ωi(x)Ni(t) = `i+1(x, t)− `i(x, t), ∀x, t ∈ R,

and hence derive the Marsden identity:

(x− t)k−1 =
n∑

i=1

ωi(x)Ni(t), tk < t < tn+1, ∀x ∈ R.

b) From the Marsden identity, find the coefficients a
(m)
i in the B-spline representa-

tion of monomials tm:

tm =
n∑

i=1

a
(m)
i Ni(t), tk < t < tn+1, for m = 0, . . . , k − 1.
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5 a) Given a knot-sequence ∆ = (ti)n+k
i=1 , let (Ni)k

i=1 be the sequence of corresponding
B-splines of order k, and let s∗ =

∑
j a∗jNj be a Chebyshev spline, i.e. a spline such that

(−1)is∗(x∗i ) = ‖s∗‖∞ = 1,

for some increasing sequence (x∗i )
n
i=1 with ti < x∗i < ti+k.

Prove that the coefficients a∗i in the B-spline expansion of such an s∗ are given by
the formula

|a∗i | = ‖µi‖, i = 1, . . . , n,

where (µi) are the functionals dual to (Nj), i.e., µi(Nj) = δij .

[Hint: Prove that the dual functionals µi : Sk(∆) → R can be defined by the rule

µi(s) =
∑

j

A−1
∗ (i, j)s(xj), i = 1, . . . , n,

where A−1
∗ is the inverse of the collocation matrix A∗ = (Nj(x∗i )).]

b) The B-spline basis of order 3 for the Bernstein knots in [0, 1] consists of the
quadratic polynomials

N1(x) = x2, N2(x) = 2x(1− x), N3(x) = (1− x)2.

Prove that if
p = a1N1 + a2N2 + a3N3, ‖p‖ ≤ 1,

then
|a1| ≤ 1, |a2| ≤ 3, |a3| ≤ 1.

6 a) Using the following relation between divided differences

[t0, . . . , tk](· − t)f(·) = γt [t0, . . . , tk−1]f(·) + (1− γt) [t1, . . . , tk]f(·) , γt = t−t0
tk−t0

,

or otherwise, derive the recurrence formula for B-splines

Ni,k(t) = t−ti

ti+k−1−ti
Ni,k−1(t) + ti+k−t

ti+k−ti+1
Ni+1,k−1(t),

where Ni,m is the B-spline of order m with support [ti, ti+m] (with L∞-normalization).

b) Use the B-spline recurrence formula to calculate the values N0,4(j), j = 1, 2, 3,
for the cubic spline N0,4 with integer knots ti = i, 0 ≤ i ≤ 4.
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