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Let W be a real Brownian motion and xg > 0 be a constant, and set

t
X, = e~ Wett/2 (330 _/ 6Ws—s/2ds> ‘
0

(a) Show that X is the unique strong solution of the SDE
dX; = (Xt — 1)dt — XpdWy, Xy = xp.

You may use without proof any theorem on uniqueness of solutions of SDEs as long as it
is carefully stated.

(b) Assuming

P </ eWs=s/2ds = a/:o) =0,
0

use the Brownian law of large numbers to show P(X; — oo or X; — —o0) = 1.

(c) Let F' be the bounded function

e~/ ifz >0
F@)—{o if 2 <0

Show (z —1)F'(x) + %F”(l’) =0 for all z, and conclude that F(X) is a local martingale.
Briefly explain why F'(X) is a true martingale. [You may use the fact that F' is infinitely
differentiable without proof.]

(d) Prove Dufresne’s theorem:

P </ eWs=s/24s < ZL'()) = ¢ 2/m0,
0
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Let X be a weak solution of the SDE
dX; = b(Xy)dt 4+ o(Xy)dW,
and let

T =inf{t > 0:|X;| > 1}

be the first time X exits the interval [—1,1]. Finally, let f : [-1,1] — [0,00) be a given
function and let V' be continuous on [—1, 1] and twice continuously differentiable on (—1,1)

such that 1
b(x)V' () + 50(96)2‘/”(90) + f(z)=0if [z] <1

and V(z) =0 if |z| = 1.

(a) Show that My = V(Xiar) + fg/\T f(Xs)ds is a local martingale.

(b) Now suppose that for every ¢ > 0,

E[sup f(Xs)] < 0.

0<s<t

Show that M is a true martingale.

(¢) Suppose T' < oo a.s. Use the bounded and monotone convergence theorems to conclude
that

V(z)=E UOT F(Xs)ds| Xo = x}

(d) Now consider the case where b(x) = b # 0 and o(x) = /2 are constants. Show that

E[T‘XO = $] = =

1 [ et +eb— Qe_bx]
b —x + .

b _ b

What is the formula when b = 07 [You may use without proof the fact that T' < oo a.s.
in this case.]
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Let M be a continuous local martingale with My = 0, defined on a filtered
probability space (2, F,P, (Fi)i>0). Let Z be the local martingale defined by

7, = MM,

(a) Let X be another continuous local martingale, and let
Y =X—-[M,X].
Show that the process ZY is yet another local martingale.

(b) Suppose Z is a true martingale. Show that ZY™ is a true martingale for each n,
where 7, = inf{t > 0: |Y; — Yy| > n}.

(c) Fix a non-random time horizon 7" > 0, and define an equivalent measure Q ~ P on
(Q, Fr) by the density
dQ

=~ _7z
a7

Show that (Y;).e(o,r) is a local martingale under Q.
(d) Now suppose X is a Brownian motion for P. Show that in this case Y is a Brownian

motion for Q. You may use any characterisation of Brownian motion you know, provided
it is clearly stated.

Part 111, Paper 38



% UNIVERSITY OF
¥¥ CAMBRIDGE 5

4

(a) Let X be a continuous, non-negative local martingale such that Xy =1 and X; — 0
a.s. as t — oo. For each a > 1, let 7, = inf{t > 0: X; > a}. Show that

P(1, < 00) =P(sup X; > a) = 1/a.

t20

[Hint: compute the expected value of Xiar, = alyr, <y + Xilir, 51y |
Let M be a continuous local martingale with My = 0 and [M]. = oo a.s.

(b) State the Dambis—Dubins—Schwarz theorem in terms of M. Give a proof of this
theorem under the additional assumption that ¢ — [M];(w) is strictly increasing for each
w.

(c) Use the Brownian law of large numbers to show that M; — [M];/2 — —oo.

(d) Show that
P(sup My — [M];/2 > y) = e

t20

for all y > 0. [Hint: consider the local martingale X, = eM¢—[M]¢/2 ]
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Let W be a standard Brownian motion, and let f be a bounded function with a
continuous, bounded derivative f’. Let ¢(x) = \/LQ—We_“"Q/Q denote the density of a N(0,1)

random variable.

(a) Let
oo
Utt) = [ s+ VI=t)olwdy
—0o0
By directly computing conditional expectations and using the independence of the incre-
ments of Brownian motion, show the process (U(t, W;));e[o,1) is @ martingale with respect

to the filtration generated by W.

(b) Use It6’s formula to prove that

Lou
FOV) / F@owdy+ [ S Wi
[Hint: f(W1) =U(1, W) and [%_ f(y)o(y)dy = E[f(W1)] = U(0,0).]

(c) Use Itd’s isometry to establish the identity

/f (/ 1y ) |
// </ J'(Viz + V1= 1y)d(y)d >¢(a:)da:dt

[You may use the formula
o0t = [ o+ V= iy

without proof.]

(d) Apply the Cauchy—Schwarz inequality to establish Poincaré’s inequality:

" serow< ([ dx)2+ | o

[Hint: if X and Y are independent N(0,1) random variables, then vtX + /1 —tY ~
N(0,1).]
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(a) Fix a non-random time horizon 7" > 0, and let A be the set of continuous processes
X = (Xi)sejo,r) such that [||X||[ < co where

[1X[|]> = E[ sup X7).
te[0,T

Show that A is complete with respect to ||| - |||, in the sense that if (X™),, is a sequence in
A such that
X" = X™[| =0

as m,n — oo, then there exists a process X € A such that ||| X" — X||| — 0.
(b) Let (M™),, be a sequence of continuous martingales such that the sequence (M), of
random variables is Cauchy in L?(£2). Use Doob’s maximal inequality to show that there

exists a process X € A such that |||M" — X||| — 0.

(c) Let S be the set of processes H = (Hy).e[o,) of the form

N

H= Z Lt 1 tn)hn

n=1

where 0 < tg < ... < ty are not random, and for each n the random variable h,, is bounded
and F;, _, measurable. How is the stochastic integral (H - M), = fot HydMyg defined when
M is a continuous martingale in A and the process H is in S? Show that (H - M) is a
continuous martingale and prove It6’s isometry:

T
IWH»m%zmlvﬁﬂMp

[You may use the fact that M2 — [M] is a martingale.]

et n be a Cauchy sequence in & with respect to the norm
(d) Let (H™),, b Cauchy in S with h
T
H? = [ H2d).
0

Show that there exists a process X € A such that ||[|(H" - M) — X||| — 0.

END OF PAPER
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