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(i) Define zEy by P(x) € P(y). By considering a set with no E-minimal member
or otherwise, prove without using the Axiom of Foundation that F is wellfounded.

(ii) If P = (P, <) is a poset, let P* be the poset of chains in JP. By use of Hartogs’
theorem or otherwise prove that there is no order-preserving injection P* — .

HC, the set of hereditarily countable sets, is the C-least set X such that Py, (X)
(the class of countable subsets of X) is included in X. Explain why this definition makes
sense.

By considering an injection Py, (%) < R or otherwise establish that |HC| < 2%°.

What is the rank of HC? What axioms of ZFC does it model? (Brief expanations
will suffice).

Show that every infinite set X has 22 yltrafilters.

How many pairwise nonisomorphic total orders (X, <x) can you find where | X| = ¥,
and every proper initial segment is isomorphic to the rationals (with possibly an endpoint)?
[Hint: stationary sets.]

What are Aronszajn trees? Are there any?
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