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1

Define what it means for a map π : M → N between Riemannian manifolds to be a
Riemannian submersion with totally geodesic fibres. For such a map, state and prove the
relation between the actions of the Laplacians of M and N on relevant functions.

Derive, with proof, an expression for the eigenspaces for the product (M ×N, k) of
two Riemannian manifolds (M,g) and (N,h), with the product metric k = g×h, in terms
of the eigenspaces of M and N .

You may quote without proof, but should state clearly, any subsidiary results that
you require from Analysis or Riemannian Geometry.

2

Show how the subspace T 6 F3
4 spanned by the vectors (0, 1, 1, 1) and (1, 1,−1, 0)

may be used to construct two lattices L+ and L− in R
4 such that the flat tori R4/L± have

the same length spectrum but are not isometric.

3

Define a heat kernel for a Riemannian manifold (M,g) and a parametrix for the
heat operator.

Stating clearly, but without proof, any relevant extendability and differentiability
properties that are required, prove that a parametrix determines a (global) heat kernel on
M .

Obtain, with proof, an explicit expression for the heat kernel in terms of eigenvalues
and eigenfunctions of the Laplacian.

4

Define a nowhere homogeneous or ‘bumpy’ metric on a differential manifold Mm

and state Sunada’s Lemma.

State the dimension of the k-jet space for maps from Mm to another differential
manifold Nn, and identify its fibre as a bundle over M ×N .

Given open sets Ui and Uj of M
m such that each of U i and U j is diffeomorphic with

a closed ball in R
m, let Sij be the set of metrics g on M such that (U i, g) is isometric with

(U j , g). Prove that the complement CSij of Sij is dense in the space of all metrics on M
with the C∞-topology.
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5

Define a partition of a closed Riemann surface S and state Bers’ Theorem.

Derive parameters that determine S up to isometry and define Teichmüller space.

State Wolpert’s Theorem and Buser’s Theorem for simplifying its proof.

Stating without proof, but defining any terms involved, any subsidiary results that
you require, prove Buser’s Theorem.
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