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1

The free Klein–Gordon field obeys the equation

∂µ∂
µφ+m2φ = 0 .

Using Noether’s theorem find the expressions for the conserved energy and conserved
three-momentum P.

In the quantised theory the field φ(x) and the conjugate field π(x) can be expressed
as

φ(x) =

∫

d3p

(2π)3
1

√

2Ep

(

ape
ip.x + a†

p
e−ip.x

)

π(x) =

∫

d3p

(2π)3
(−i)

√

Ep

2

(

ape
ip.x − a†

p
e−ip.x

)

.

in the Schrödinger picture, where Ep = (p2 + m2)1/2. Write down the commutation

relations satisfied by ap and a†p.

Show that the Hamiltonian and P can be expressed as

H =

∫

d3p

(2π)3
Ep a

†
p
ap ,

P =

∫

d3p

(2π)3
p a†

p
ap ,

in the quantised theory.

Calculate [H, a†p] and [P, a†p]. Discuss the particle content of the theory. Show that
the Klein–Gordon field obeys Bose–Einstein statistics.

2

The Lagrangian density for a scalar particle interacting with a fermion is

L =
1

2
∂µφ∂

µφ −
1

2
m2φ2 + ψ̄(iγµ∂µ −m)ψ − g ψ̄φψ .

Write down the field equations satisfied by ψ, ψ̄ and φ.

State the Feynman rules. Draw the tree-level Feynman diagrams for the processes
ψψ → ψψ, ψψ̄ → ψψ̄ and ψφ→ ψφ. Write down the respective scattering amplitudes.
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The Lagrangian for a scalar field of charge e interacting with the electromagnetic
field is

L = −
1

4
FµνF

µν +Dµφ
∗Dµφ−m2|φ|2

where Fµν = ∂µAν − ∂νAµ, Dµ = ∂µ + ieAµ. Show that this Lagrangian has a gauge
symmetry. Draw the two interaction vertices in this theory, identifying the corresponding
interaction terms in the Lagrangian.

When one quantises the theory in Coulomb gauge, ∇ · A = 0, the naive photon
propagator is

Dµν(p) =


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

i

p2 + iǫ

(

δij −
pipj

|p|2

)

µ = i 6= 0

ν = j 6= 0

i

|p|2
µ, ν = 0

0 otherwise.

Draw the leading order diagrams for φφ̄ → φφ̄ scattering. Show that your answer can be
expressed in terms of the Lorentz invariant propagator

Dµν(p) = −i
gµν

p2

suitably contracted with external momenta.

4

Write an essay on symmetries in field theory. Your essay should include a statement
and proof of Noether’s theorem; give examples of important symmetries in different field
theories; describe the difference between a global symmetry and a gauge symmetry.
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