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For a 2m-periodic function f € C(T), let s,,(f) be its partial Fourier sum of degree
n, and let o, (f) = £ 37" s;(f) be its Fejer sum of degree n — 1.

T n

1) From the integral representation

1 i :
sn(f,x) = — / D, (z —t)f(t)dt, Dy, (x) = w
T Jr 2sin 5
derive the following expression for the Fejer kernel F},
1 1 sin? 2z
n(frz) == [ Fo(x—t)f(t)dt, Fo(z) = ——52~.
ru(fo0) == [ Fula =) )= s

Hence prove that ||oy,(f)|lco < || flloo, carefully justifying each step.

2) Consider the so-called de la Vallee Poussin sum

onan(f) = - (s )+ $ua () o Smama (£)).

(a) Show that, for any trigonometric polynomial ¢,, of degree n, and for any m, we
have
Unom (tn) =ty .

(b) Find an expression for vy, ,,, in terms of two Fejer sums o}, and oy, and use it to
derive the bound

Fonm (Pl < (G2 +1) I flloc ¥ € C(T).
(c) Let > < M. Combine (a) and (b) to establish the inequality

1f = onm(Flleo <2(M +1) En(f) VfeC(T),

where E,(f) is the best uniform approximation to f from 7y, the space of all trigonometric
polynomials of degree n.
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Given A = (ti)?jlk, let w; and 1); be the polynomials in Pj_; defined by

1

@)

wi(®) == (z=tiy1) (T —livk—1),  Yi(z):=

and let (NV;); be the corresponding B-spline sequence. From the Marsden identity
(z —t)" Zwl Ni(t), tp <t<tpp1, VzeR,

show that any algebraic polynomial p € P;_1 has the B-spline expansion
= Z )‘i(p)Ni(t)v le [tkv tn—i—l] ’ (*)
i=1

and express the functional \;(p) in terms of p, ¢; and z € R. Explain briefly why the
{\i(p)}?_, are independent of x.

Use expansion (x) to prove that, for linear polynomials, we have
n
=Y p(E)Ni(t),  Vpe Py,

where t7 = ﬁ(tﬂ_l + ot tirk—1)-

For a knot sequence (t; )”jlk C [a,b] with distinct knots, let
M;(t) :=klts, ... tisk] (- — 05" and - Ni(t) := (tigk — to)[ti, .- i) (- — )5

be the sequences of L, and L.,-normalized B-splines, respectively.

a) Using properties of divided differences, prove that M; is a piecewise-polynomial
function of degree k — 1 and global smoothness C*~2, with knots (¢;,...,t;4+x) and with
finite support [t;, t;1].

b) Using the Leibnitz rule for divided differences, or otherwise, derive the recurrence
formula for B-splines:

t—t; tisk — 1t
Nip(t) = s—————Nig-1 + ;————Ni1 -1,
terkfl t; t1+k tz-i—l

where Nj ., is the Lo-normalized B-spline of order m with support [t;, t;ym].

Part III, Paper 61 [TURN OVER



2% UNIVERSITY OF
Y% CAMBRIDGE 4

On C(I), the space of continuous functions on I = [—1,1], the “tilde” operator

T:C(I) — C(T) is given by the rule f(0) := f(cosf), 6 € [0,27).
a) Prove that N
w(f.t) <w(f.1),

where w(f,t) is the first modulus of continuity.

b) State the first Jackson theorem for periodic functions and deduce (justifying each
step) its analogue for approximation by algebraic polynomials of degree < n on [—1,1]:

E.(f) < cw(f,%) .

¢) Prove that the best approximation to fo(x) = v/1 — 22 by algebraic polynomials
of degree n satisfies

Explain briefly why the inverse theorem, in the form given for trigonometric approxima-
tions, is not valid for the algebraic case.
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1) Let A = (tj)?;rlk be a knot sequence such that t; < t;yj, and let S;(A) be the
space of splines of degree k — 1 spanned by the B-splines (Nj)?zl Let * = (x;)4 be
interpolation points obeying the conditions

Ni(z;) >0, 1<i<n,

and let P : Cla,b] — Sg(A) be the map which associates with any f € Cfa, b] the spline
P, (f) from Sy which interpolates f at (z;). Prove that

1, . -
d—kHAmlHem <Pellze < 1147 e

where Ag is the matrix (N;(z;))7;_;, and dj is the smallest constant such that
1 n
al—kHa”ﬁoo <> aiNir, VaeR".
i=1

2) Consider the case of quadratic interpolating splines on the uniform knot-sequence
(t1,t2, ... tnys) = (1,2,...,n 4+ 3) with the interpolating points

Ti=tiyo=1+2, i1=1,...,n.

Prove that || Py, = O(n). Hence deduce that P, is not bounded uniformly in n. (The
inverse matrix A_! should be found explicitly. You can use the fact that d3 = 3).
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(a) State the Chebyshev alternation theorem for the element of best uniform
approximation to a function f € C[—1,1] from P, the space of all algebraic polynomials
of degree n. Prove that the algebraic polynomial of best approximation is unique.

(b) Let T}, (x) = cosnarccos z be the Chebyshev polynomial of degree n, and let
fo(x) = Z(lk;T3k (x), where a; >0, Zak <oo, xe€[-1,1].
k=0 k=0

Prove that, for every n, the polynomial p, of best uniform approximation to fy is given
by a partial sum of the series above, and determine the value E,(fo) = ||f — pnl|| of best
approximation in terms of ay.

o)

(c) Derive the lethargy theorem: for any monotone decreasing sequence (€)%,

with limit zero:
€EQ> €L > > €y > €, — 0,

there is a continuous function f. € C[—1,1] such that

En(fe) = €.

END OF PAPER
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