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1

What is a separated dual pair 〈E,F 〉 of real vector spaces? What is the weak
topology σ(E,F ) on E? Determine the space of σ(E,F )-continuous linear functionals on
E.

Suppose now that (E, ‖.‖) is a separable infinite-dimensional real Banach space,
with dual space E′, and that B′ is the unit ball of E′. Give E′ the weak* topology
σ(E′, E). Which of the following statements are always true? Justify your answers.

(i) B′ is metrizable.

(ii) B′ is separable.

(iii) E′ is separable.

(iv) E′ is not metrizable.
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Show that a weakly compact convex subset K of a real Banach space (E, ‖.‖) is the
closed convex cover of the set Ex(K) of its extreme points.

What are the extreme points of the closed unit ball B of the space (C(C), ‖.‖
∞
) of

continuous real-valued functions on the Cantor set C? Show that B is the closed convex
cover of the set Ex(B) of its extreme points. By considering the sequence (fn)

∞

n=1
of

functions, where fn(x) = min(3nx, 1) for x ∈ C, or otherwise, show that B is not weakly
compact.
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State and prove Wiener’s Lemma.

Suppose that V is an open subset of Rd of finite Lebesgue measure. Show that there
exists a disjoint sequence (Un) of open balls contained in V such that λd(V \ (∪nUn)) = 0.

Suppose that µ is a Borel probability measure on Rd. If x ∈ Rd and r > 0, let
Ur(x) = {y : ‖x− y‖ < r}, let Ar(x) = µ(Ur(x))/λd(Ur(x)), where λd is Lebesgue measure
on Rd, and let

mu(x) = sup{Ar(y) : r > 0, ‖x− y‖ < r} .

Show that mu is a lower semi-continuous function on Rd.

Show that if α > 0 then λd({x : mu(x) > α}) 6 3d/α.

Describe briefly how this result can be used.
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Suppose that (X, d) is a compact metric space and that P and Q are Borel
probability measures on X. Show that there exists a Borel probability measure π0 on
X ×X, with marginals P and Q, such that

∫
X×X

d(x, y) dπ0(x, y) = md = sup{

∫
X

f dP+

∫
X

g dQ : (f, g) ∈ J}

where

J = {(f, g) ∈ C(X)× C(X) : f(x) + g(y) 6 d(x, y) for (x, y) ∈ X ×X}.
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