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A constrained mechanics model with 2N phase space coordinates {qI , pI ; I =
1, . . . , N} has the action

I[q, p;λ] =

∫

dt
{

q̇IpI − λiϕi(q, p)
}

,

where {λi; i = 1, . . . , n < N} are Lagrange multipliers for the constraints ϕi = 0. Use
this action to explain what it means to say that constraints are “first-class”. Given that
they are first-class, under what condition is their Poisson bracket algebra a Lie algebra?
Explain why first-class constraints imply gauge invariances of the action.

Write down the action for a closed Nambu-Goto string of tension T in phase-space
form, with phase-space coordinates Xm(σ) and Pm(σ), where σ is the string coordinate.
Show that P + TX ′ and P − TX ′ have zero Poisson bracket and hence that the algebra
of Hamiltonian constraints is a direct sum of two isomorphic Lie algebras, with constraint
functions that you should state. You need not compute the other Poisson brackets but you
should state, without proof, the Poisson brackets of the Fourier modes of the constraint
functions. Why does this tell you that the algebra is Diff1 ⊕ Diff1 (where Diffk is the
algebra of vector fields on a k-dimensional manifold)?

What is the principle that determines the allowed boundary conditions at the end
of an open string. Use this principle, and the phase-space form of the action, to show that
one allowed choice is to fix the string at one end (e.g. to the origin of space coordinates)
but to allow the other end to move freely. Why must the free end move at the speed of
light?

Assuming that X0 = t, find a solution of the NG equations of motion that describes
a straight string of proper length L with one end fixed and the other end moving at the
speed of light.
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A point particle of mass µ in a D-dimensional Minkowski spacetime with cartesian
coordinates xm has the action I =

∫

dt
{

ẋmpm − 1
2e(p

2 + µ2)
}

. Write this action out
using light-cone Minkowski coordinates {x±,x}. What is the canonical Hamiltonian in
the light-cone gauge x+ = t? Write down the time-dependent Schroedinger equation for
this Hamiltonian and use it to show (for ~ = 1) that the particle’s wavefunction Ψ(x)
satisfies the Klein-Gordon equation (�D − µ2)Ψ = 0.

An antisymmetric tensor field A, in a D-dimensional Minkowski spacetime, satisfies
the equation

∂mFmnp = µ2Anp , Fmnp ≡ 3∂[mAnp] . (∗)

Assuming that ∂− is invertible, find the independent light-cone components of A and
show that they satisfy the Klein-Gordon equation with mass µ. How many independent
polarisation states are there? [You may find it useful to consider first the massive vector

equation ∂mFmn = µ2An]

In light-cone gauge (for oscillator modes) the phase-space action for the closed
Nambu-Goto string, in D-dimensional Minkowski spacetime, takes the form

I =

∫

dt

{

ẋmpm +
∞
∑

k=1

i

k

(

α̇k · α−k + ˙̃
αk · α̃−k

)

− λ0L0 − λ̃0L̃0

}

(†)

where

L0 =
p2

8πT
+N , L̃0 =

p2

8πT
+ Ñ .

What is the physical interpretation of the various canonical variables of this action? Write
down expressions for the “level numbers” N and Ñ in terms of them.

Now write down the canonical commutation relations that follow from the action
(†), and define the string oscillator vacuum. Assuming that the operators that replace
N and Ñ annihilate the oscillator vacuum, prove that their eigenvalues are non-negative
integers. What are the “level-one” states of the closed string? Explain why they are
massless, and hence why the string ground state is a tachyon. What is the mass of a state
at level N? Are there any states at level 2 that could be described by the equation (∗)?
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A point particle has action I[x, p; e] =
∫

dt
{

ẋmpm − 1
2e(p

2 +m2)
}

. Write down the
(canonical) gauge transformations that leave invariant this action. Given that e = s for
some constant s, explain why s is gauge invariant. By considering e(t) as a gauge transform
of e = s, show that gauge-fixing in a path integral requires an additional Faddeev-Popov
determinant in the path-integral measure. Explain (without proof) how this determinant
can be exchanged for a contribution to the action involving Fadeev-Popov ghosts (b, c).

Now write down, in terms of Fourier modes of canonical variables, the phase-space
action for the open Nambu-Goto string with free-end boundary conditions, in D spacetime
dimensions. Write down the canonical commutation relations and define the oscillator
vacuum |0〉. Show that Ln|0〉 = 0 for n > 0, where Ln are the quantum operators
obtained from the Fourier modes of the classical constraint functions. Why is the operator
L0 ambiguous? Write down, without proof, the commutation relations of the Virasoro
algebra obeyed by the operators Ln, taking care to specify how you have defined L0.

The BRST charge of the open string can be written in terms of the Fourier modes
of the (anti)ghost fields (b, c) as

QBRST =

(

L0 +
1

2
L
(gh)
0 − 1

)

c0 +

∞
∑

m=1

[(

L−m +
1

2
L
(gh)
−m

)

cm + c−m

(

Lm +
1

2
L(gh)
m

)]

,

where

L
(gh)
0 =

∞
∑

k=1

k (b−kck + c−kbk) , L(gh)
m =

∑

n

(m− n) bm+nc−n , (m 6= 0) .

Write down the anticommutation relations of the (anti)ghost modes and define the
(anti)ghost oscillator vacuum |0〉gh. Let |Ψ〉 be a state in the Fock space acted on by
the operators Ln. Find the conditions for the state |Ψ〉 ⊗ |0〉gh to be annihilated by
QBRST . Why does your result imply that the state |0〉 ⊗ |0〉gh is a tachyon?

Given that

[

L(gh)
m , L(gh)

n

]

= (m− n)
(

L
(gh)
m+n − δm+n

)

−
13

6

(

m3 −m
)

δm+n ,

find the algebra obeyed by the operators Lm = Lm + L
(gh)
m . Stating without proof the

implications for the algebra of the operators Lm implied by the condition Q2
BRST = 0, use

your result to find the “critical” value of the spacetime dimension D.
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Write an essay on amplitudes in closed string theory, and the structure of closed
string perturbation theory, using the path-integral approach. Your essay should cover the
following topics:

• You should explain how the scattering amplitude A(p1, . . . , pN ) for N strings of
momenta (p1, . . . , pN ) in their tachyonic ground states can be represented by a
Euclidean, conformal gauge, path integral. You should explain, in qualitative terms,
why this leads to a formula for A(p1, . . . , pN ) as a multiple integral over points on
the Riemann sphere. [You need not give details of these integrals or of the resulting
Virasoro–Shapiro formula.]

• You should discuss the Virasoro amplitude

A(s, t) =
Γ(−1− t)Γ(−1− s)Γ(3 + s+ t)

Γ(−2− s− t)Γ(s+ 2)Γ(t+ 2)
,

for the scattering of four closed-string tachyons, with momenta (p1, p2, p3, p4) such
that p1 + p2 + p3 + p4 = 0, where (T is the string tension)

s = −
1

8πT
(p1 + p2)

2 , t = −
1

8πT
(p1 + p3)

2 .

In particular, you should explain the physical significance of the invariants s and t,
and of the poles in s at fixed t, and in t at fixed s.

• You should explain (focusing on the fields associated to the massless particles in the
string spectrum) how amplitudes are encoded in the vacuum to vacuum amplitude
of a string in background fields. You should explain, in qualitative terms, why this
leads to an expansion in powers of α′ (the Regge slope parameter) of an effective
spacetime action Seff for the massless fields.

• Finally, by considering how the dilaton couples to the string, you should explain
how the path integral sum over Riemann surfaces of arbitrary genus g leads to a
string-loop expansion of Seff in powers of the string coupling constant gs, which you
should define.
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