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In this question we will sometimes use the notation fi(z,v) = f(t,z,v).

Consider the inhomogeneous transportation equation:

(a)

(b)

(e)

(1)

O f(t,x,v) + 00, f(t,x,v) + 20, f(t, z,v) = h(t,z,v) z,v € Rt >0
fli=o = fo-

Solve the characteristic equations associated with (1) and assuming fy € C* (R x R)
and h € C!' (R x R x R) find an explicit solution to the equation (you are required to
show your steps and not just give a final answer).

9(S0,t(z,v))

Show explicitly that det < 3(z,0)

) =1 for all £ > 0 and conclude that if A = 0 then

Hft”LP(RXR) = HfOHLP(RXR)
for all £ > 0 and p > 0.

Show that in the case where h # 0 we have that for any ¢ > 0

1fell oo mxr) < I foll oo mum) + 121l oo (rxr) T
and give an example where equality is attained.

Give an example for h € C1 (R x R x R), and fo € C* (R x R) N (Ny=1LP (R x R))
such that

HftHLP(RXR) = 0,
forallt > 0 and p > 1.

Assuming that h # 0, give additional conditions on h such that the above can’t happen
(not necessary optimal).
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In this question we will show that the phenomena of phase mixing discussed in class
can be improved under additional regularity conditions. For simplicity we will only deal
with the one dimensional case. We will sometimes use the notation fi(z,v) = f(¢,z,v).
Consider the transportation equation:

O f (t,,v) +v0, f(t,x,v) =0 reT,veRteR
fli=o = fo-

Assume that there exists n € N such that fy € C'(T xR) and fy is 1 + n times
differentiable in its velocity variable. Denote by

n+1
Wl =3

and assume that || fo|| ;1141 < 00. Define the following quantities:

(1)

" fo
oF

5 (x,v)dzdv

pio) = [ty
poo = /T po()da.

Our goal is to show that p;(x) converges to ps uniformly.

(a) Show that p; € L'(R) for all ¢ and that

PooZ/TPt(l’)dﬂf

for all t € R.

~

(b) Rewrite equation (1) for f(t,k,€), k € Z,§ € R, the Fourier transform of f in its
spatial and velocity variables. Write an explicit solution to the new equation.

(c) Define ri(z) = pi(z) — poo € L' (T). Find the Fourier coefficient of r;, 7;(k), and
express it only with fy.

(d) Use the fact that ‘ﬂ < || fll 1 to show that

”fOHL}CWJJrnJ

sup {|[Folk, k)| e} < =22

(e) Show that there exists C, depending only on n and fy, such that

N C
S AK€ —
- ]

and conclude, using the fact that if f € L! then | fll oo < HfHLl, that
Jim |[pe(2) = pooll oo (ry = 0,

where the order of convergence is O (\tl"%)
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This question is dedicated to the proof of existence and uniqueness of weak
solution to a particular linear Boltzmann equation. We will sometimes use the notation

fi(z,v) = f(t,z,v).

Consider the equation:

{atf(t,a:,v)—kv'vxf(t,x,v):p(f)(t,a:)M(v)—f(t,a:,v) z,v € RYE >0 1)

f’tzo(xvv) = fo(l’,?}),

where

pt) = [ i)
and M (v) is a non negative function with [p, M(v)dv = 1. We say that f(t,z,v) is an L'
weak solution to (1) if f; € L' (R x RY) for any ¢ > 0 and
t
ftz,0) = folz —vt,v) + /0 (p()(s,2 —o(t = s))M(v) = f(s,2 —v(t = s),v)) ds
= F (o) (t,,0) + (/) (t,,0).

with F (fo) (t,z,v) = fo(z — vt,v) and

(2)

T(f)(t, @, 0) = /0 [o(£)(s,2 —v(t = s))M(v) = f(s,2 — v(t = s),v)] ds.

(a) Assuming that fo € L' (R? x RY) show that
£ (fo) (2, ')HLl(Rded) = ||f0||L1(Rded) ;
for all ¢t > 0.
(b) Show that
[ 16060 o < 1l

and conclude that

(), ')”Ll(Rded) < 2 sup ”szLl(Rded) t,

0<s<t
for all ¢ > 0.
(c) Show that for all n € N
2mgm

I (), "')HLl(Rded) < OSUP ||fs||L1(Rded) Y

<s<t

for all ¢t > 0.

(d) Conclude the existence of an L' weak solution to (1) when fo € L' (R x R?).
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(e) Show that the L' weak solution you constructed satisfies:

Supt ||fSHL1(RdXRd) <00 (3)

SR

forallt >0

(f) Under the additional condition (3) on L' weak solutions prove that the L' weak
solution to (1) is unique.
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The Boltzmann equation is one of the fundamental equation of Kinetic Theory.
Unfortunately, to this day there is no proof of its validity in macroscopic time scales from
Newtonian mechanics. In this question we will present a simplistic version of Kac’s model,
introduced in 1956. Kac’s model is an attempt to create a stochastic many particle linear
model from which, under certain conditions, the Boltzmann equation arises as a limit of
the marginal as the number of the particles goes to infinity.

Consider a non-negative function Fy € L? (]RN ), with N > 1, satisfying

/ FN(Ul,...,UN)dvl...d?}N:1
RN

(i.e. a probability density on RY that also belongs to L?). Consider the linear operator

1 1 2m
F - - N Frn (R -
o=y T | P Bt o
2
where v = (v1,...,vy) and
R;ijo(v) = (v1,...,0i—1,0i(0), vig1, - - -, 0j—1,0(0), V41, .., UN)
with
v;(0) = v;cosO +vjsinf, v;(0) = —v;sinb + v; cosb.

(a) Show that @ is a bounded self adjoint operator on L? (RY).
Hint: Use the rotation invariance of RV.

(b) Show that

1 1 2T 9
(v, (= Q)FN) 2wy = -7 Z/o [ (Rijo(v)) — Fn(v)|" do

(%

and conclude that Ker (I — Q) is exactly all the L? function that are radial (i.e. depend
only on |v|).

The N —particle model we study in this question satisfies the evolution equation
WFy=N(Q—-I)Fy FyeL*RY) (1)

which we will call Kac’s master equation.
We will now see how the Boltzmann equation appears from Kac’s model. From this point
onward we will assume that Fiy is symmetric in its variables, i.e.

FN(U17"'7UN) =Fn (Uo(l)v"'avcrN)7

for any permutation o of {1,...,N}. For 1 < k < N, define the k—th marginal of Fly,
Hk (FN), as

g (Fw) (v1,- - -5 vg) :/N kFN(Ula---aUN)dUk—i-l---dUN-
RN—
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(c) Show, assuming that all integration and differentiation is allowed, that the evolution
equation for the first marginal, II; (Fy) is given by

1 21
oty (Fx) (o) = = [ [ (T (Fi) (02(9),0a(6) =T () (01, 0)) ot (2

Hint: Use the rotation invariance of RN~' to cancel a lot of terms in the summation,
and then use the symmetry of F to simplify the remaining terms.

Equation (2) resembles the spatially homogeneous Boltzmann equation if Iy (Fv) ~
II; (Fy) ® II1 (Fy). This is the basis to the definition of chaos in Kac’s model, but
we will leave it for the time being.

v|2
(d) Let yn(v) = ( L e~ be the Gaussian probability density in RY. Define
2

2m)
Fy (v)log (fjﬁ ((:))> dv.

Hy(Fn) = /

RN
Using the fact that the function f(z) = xlogz — 2 4 1 is non negative for z > 0 show
that Hy (FN) > 0.

(e) Define the entropy production of Fx by

d
Dy (Fn) = — g HN (Fn),

where Fy satisfies (1). Assuming that all differentiation and integration is allowed,
and that all quantities are defined, show that

Dy (Fy) = m ; i i U (i) = P (v) log <%{j§">)> dvdo),

which has a definite sign.
Hint: Write

Hy (F) = /RN Fy (v) log (Fx (v)) dv + glog (2m) + /RN V|2 iy (v) dv.

You may use, without proving, that [px ¢(v) (I — Q) Fn (v)dv = 0, when ¢(v) =1
and ¢p(v) = [v[*.

END OF PAPER

Part 111, Paper 7



