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(a) Lighthill’s equation describing aerodynamic sound generation is

82 p/

_ COQvaI —
where T;; = puuj + (p' — c®p')dij — 0ij is a quadrupole distribution.

(i) Show that the far-field sound generated by a compact quadrupole distribution is

w85 (t — |2|/co)
degt|x|?

P, ) = where  Sy(r) = / Ty(y,7)d%

and " denotes differentiation with respect to t. Show further that p’ scales like O(m?),
where m is the fluctuating Mach number.

(ii) Now consider motion at a single frequency w. Show that in two dimensions p’ scales like

O(m™2).
[In two dimensions, the free-space Green’s function for the Helmholtz equation has the
far-field form

~ ik

Gl ko) ~ exp{—iko|x[} as |z = o0

V kol z|

where ko = w/cy./

(b) Consider a shock wave (i.e. a surface of discontinuity) in a fluid, with equation S(x,t) = 0,
with S > 0 on one side of the shock and S < 0 on the other side.

(i) Suppose

dat n
W—Fv-b =0 for S(z,t) >0,
a;—t_—i-v-b_:o for S(z,t) <0,

with a® and bT continuously differentiable functions. Show that

0

a—j FV-b=f-n|VS|S),
where a = atH(S) +a~H(-S), b=bTH(S) + b~ H(—S), n is a unit vector normal to
the shock, and f is an expression that should be found explicitly. [Note that f involves
v, the velocity of the shock.]

(ii) Hence, find the equivalent of Lighthill’s equation (1) for p' = pTH(S) + p~ H(—S) — po.
Give a physical interpretation of each of the source terms in your equation. Without
further calculation, explain whether you would still expect p’ to scale like O(m*) in the
far-field compact limit with a shock present.
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This question considers 2D harmonic motion, so there is no z dependence and time dependence
e is assumed. You may like to consider Im(w) < 0.

(a) An elastic membrane is stretched along y = 0 with tension 7. The membrane undergoes
small oscillations, with its displacement n(z) in the y-direction governed by

6217 0+
2
—mwn=T-— — { } ,

K a2 [Plo-
where [p]gir is the pressure difference across the membrane. Above and below the membrane
is a compressible fluid, and motion of the membrane causes waves in the fluid with unsteady
pressure p satisfying Helmholtz equation V2p + k¢*p = 0, where ky = w/co. The boundary
condition of no flow through the membrane implies

1 Op

1 Op

y—o_  Pow? Oy

n= .
pow? 0y =0+

By Fourier transforming in the x direction, find the dispersion relation D(w, k) = 0 for waves

on the membrane.

(b) Now consider a semi-infinite elastic membrane pinned at (z,y) = (0,0) and stretched along
y = 0 for z < 0. A wave on the membrane is incident from x = —oo, giving a displacement
nr = e %1% where D(w,kr) = 0 and Im(k;) < 0 (thus corresponding to a right-propagating
wave). Because the membrane is only semi-infinite, the incoming wave scatters into sound in
the fluid and left-propagating waves on the membrane.

Let n = nr + 1 and p = p;r + p/, where p; is the pressure corresponding to displacement
nr from your solution to (a). The governing equations are then

0=V + ke’p' vz,
, 1 op 1 op
pow? Oy |, _o_  pow? Oy |, o
0+ 6277’
/ 2 7
= T <0
[p]of et Ox? o ’
10+ 0+
-]
0— 0—

Briefly justify why these are the governing equations. By taking full- and half-range Fourier
transforms in the x direction, find the Wiener—Hopf equation
T an iy(k)

KPR+ () = o aa|_ ™ Gk to)”

where 42 = k? — ko> with Re(y) > 0 for real k, P~ is the left half-range Fourier transform
of p'(x,0+4), n* is the right half-range Fourier transform of 7', and K (k) is the Wiener—Hopf
kernel to be given explicitly.

Assuming that K (k) can be factorized as K(k) = K*(k)K~ (k) (which should not be
found explicitly), what singularities do K+ and K~ have? Describe the zeros of KT and K~
(which you need not find explicitly). Assuming the existence of any factorizations you need
(which should not be found explicitly), and that the resulting entire function E(k) is identically
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zero, give an integral expression for the pressure p in the fluid. Show also that = has a pole in
the lower half plane. What does this pole represent physically, and how might it imply a value
for the as yet undetermined constant 9n/0z|,—q.
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Burgers’ equation is

or _,or _ oY

0z o0 ~ “o0
The inviscid Burgers’ equation is obtained by setting o = 0.

(a) Show that the inviscid Burgers’ equation with initial conditions f(0,6) = fo(€) has solution
f(Z, 0y — fo(Ho)Z) = fo(fp). Show also that if there is a weak shock at 05(Z) then

df,
dz

i a o+ 520,

Solve the inviscid Burgers’ equation for the initial conditions

_J 0 0<0 %
00 ={ 4 95, §
being careful to distinguish between U < 0 and U > 0.

[It may help to sketch the characteristics first. For U < 0, think of f(0,0) as being continuous
but very steep at 0 = 0.]

(b) For o # 0, show that the Cole-Hopf transformation
0
— 2021
f=2055logy

can be used to solve Burgers’ equation when 1 satisfies a diffusion equation. Given that the
general solution to the diffusion equation is

620 = = [ vo.0e - ) 0

show that the solution to the full Burgers’ equation for the initial conditions given in (*) is

U
T 1+ J(Z,0)exp{ —U20+ UZ)/4a}’

f(2,0)

where -

/ exp { — y2/4aZ} dy

J(Z,0) = —2 .

/ exp { — y2/4aZ} dy
—(0+UZ)

What happens (i) as § — oo, (ii) as § — —oo, and (iii) when J = 1?7 How does this compare
with your inviscid solution found in (a)?

as T — 400

oo
Note: erfc(x):—/ e dt ~ TV
x

2 as T — —o0
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