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In this question we will consider the following inhomogeneous Liouville equation

d
H
8tf(t,:n,v)—|—z%(t,:n,v)%(t,x,v) z,veRYE>0
i=1 " !

(1)
B Z a—I{i(t,JE,’U)g—z‘i(t,x,v) = h(t,z,v)

Write the characteristic equations associated to (1) and give conditions on H under
which there exists a unique global solutions to these equations (the conditions need
not be optimal).

Prove that for any d, if H € C? (Rd x R4 x R) satisfies conditions under which a
unique global solution to the characteristic equations exists, one has that

S0 = e (252D

for all t > 0, z,v € R where S;(z,v) = (X (t),V(t)) is the solution to characteristic
equations with initial data (x,v).

Show that
H(X(t),V(t)) = H(z,v).

Consider the case where
1 2
Hy(w,0) = 5 ol + 5 Jaf?

Show without solving the characteristic equations that in the case where h = 0, if fj
is compactly supported and is continuously differentiable, then f; is also compactly
supported uniformly in t.

Solve the characteristic equation for H, when d = 3 and find an explicit solution to
the inhomogeneous Liouville equation in that case.

Under the conditions above, show that if A doesn’t depend on ¢t and fyp,h €
Lhy (RYx RY) N CH(RYx RY) for 1 < p < oo, then f; € LY, ([0,T] x R* x RY)
for any T > 0, where f; is the solution for (1). Show, by finding a concrete example,

that it doesn’t always hold that f; € LP (Rt x R? x Rd) even if fy = 0.
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In this question we will consider the general linear Boltzmann equation
Of(t,x,v) +v-Vof(t,x,v) = [pak(t,x,v,0.) f(t,2,0.)dvy — alt,z,v) f(t, 2,0))
fli=0 = fo.
where z,v € R, t € (0,T) for some T >0, a >0, fo € wa (Rd X Rd) and k is such that
C? = / sup  E*(t,z,v,v,)dvdv, < oo.
RIxR9 t€[0,T),2€RE
We say that f is a weak solution to the general linear Boltzmann equation if f(¢,-,-) €

L2, (R x RY) for all t € [0,T),

sup ||f(t7 K )HL%U < o0,
0<s<t !

for any t < T and
t
f(t, z, U) — e Io a(T,m—U(t—T),v)deO($ — ot ’U)

t
+ [ e D K ()5 ot ), s
0

in the L? sense, where
K(f)(t,z,v) :/ k(t, z,v,v) f(t, x,v,)dv,.
Rd

Our goal will be to show the existence and uniqueness of weak solutions to our equation.

(a) Show that under the above conditions if g € L%U (Rd X }Rd) then
HK(Q)”L;U < C”QHL%H

and conclude that K is a linear bounded operator from wa (R? x R?) to itself.
(b) Defining
F(fo,a)(t,z,v) =€ I a(T’x_”(t_T)’U)deo(x — vt,v)

show that

sup [[F(fo,a)(s, )z, <llfollzz -
0<s<t ’ ’

(c) Defining
t t
()t 2, 0) = / ¢ I} alra— vt K (1) (5,2 — w(t — s),v)ds
0

show that
17 () llnz, < C sup (s, )z, .

0<s<t
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(d) Show that

cnn
sup ||f(87 K ')HL%)U’

I (), -, )HL%U S \/1 +3...(2n — 1) o<s<t

(e) Prove that the equation
(I_ T)f = F(f()va)

has a solution that satisfies

sup [[f(t,- )z, < Crllfollrz,

Itx

for some constant Ct > 0 and conclude the existence of weak solution to the linear
Boltzmann equation.

(f) Show that under our conditions, the weak solution to our equation is unique.
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In this question we will investigate another physically important equation, the
Fokker Planck equation, and the problem of convergence to equilibrium in it. The simple
Fokker Planck equation on R? is given by

{@f(t,v) = Af(t,0) + V- (f(t,0)v)

1
fli=0 = fo. W

2

]
(a) Show that v(v) = —ze~ 2 is a stationary solution to (1).

(2#)%
/ f(t,v)

u(t) = M—/ v f(t, v)du

/Ivlftv

Assuming enough regularity and decay at infinity, find differential equations to M(t),
{ui(t)};=1 4 £(t) and solve them. Conclude that

(b) Denoting by

M(t) = M(0)
u(t) — 0
t—o00
and 40 (0)
E(t) t—00 2
From this point onward we will assume that f > 0 for all ¢, d = 1 and M (0 fR fo(v)dv =

1. As in this case the mass of f and v are equal, and in the limit as tlme goes to 1nﬁn1ty
so are the momentum and energy, it is conceivable to conjecture that f will converge to
~. Finding the right ’distance’ to measure this convergence will occupy us for the rest of
the problem. You may assume that f is regular enough and decays at infinity sufficiently
fast from this point onward.

(c) Define the relative entropy of f with respect to ~y as

H(f|7):/Rflog<£>dv: Rilog<£>7dv

. Using the fact that zlogz — 2z + 1 > 0 for all > 0 show that H(f|y) >0

(d) Show the following equalities

#"log fdv = — ﬂd
I I

/ (fo)' log fdv = 1,
R
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and conclude that if f solves (1) then

d _ £’ 2 [ (L
%H(ftV)__<RTdU+/RU ftd’l)—2>——/l\{ %10g<;>

which proves that H(f|y) is decreasing in time. I(f|y) is called the relative Fisher
Information of f with respect to 7.

2
frdv = =I(fil),

One can show that if f solves (1) then

1d

I(fily) < _§El(ft|7)'

Use the above to show that I(f;|y) converges to zero exponentially fast, and together
with with the monotonicity and positivity of H show that H(f|v) £ H (fi|y) € L} (R*).

The above implies that lim; o, H(f¢|7) = 0 (you don’t need to prove it). Use the
fundamental theorem of calculus to conclude that for any ¢t > 0

1d

H(filv) < —iﬁH(ftW)?

and give an explicit estimation to the convergence to equilibrium of f; using H and
the initial data alone..

END OF PAPER
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