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(a) Define what it means for a subspace I of a Lie algebra g to be an ideal of g.
Prove that every term g™ in the derived series is an ideal of g. [Prove any result you use.]

(b) Define what it means for a Lie algebra to be simple. Prove that sly(C) is simple.
[Prove any result you use.]

(c) Define the Killing form k of a Lie algebra g. Show that if g is simple, then its
Killing form is nondegenerate. [You may use without proof the fact that that if x(x,y) = 0
for all z,y € g, then g is solvable. Prove any other result that you use.]

2
Let
g =5pg(C) = {z € gls(C) | Jz + 2" J = 0}
where
0 0 0 100
0 0 0 010
s_lo 0 0 001
-1 0 0 000
0 -1 0 0 0 0
0 0 —-10 00

Let t be the space of diagonal matrices in g, and let ® be the set of roots of g with respect
to t. [For parts (a) - (c), you do not need to provide proofs for your answers.|

(a) Explicitly describe the elements of ® as maps t — C.

(b) Identify a root basis A C ®. Draw the Dynkin diagram of ® and label it with
the elements of A.

(c) For each element o € A, explicitly describe the image of the elements of A under
the simple reflection w,.

(d) Let ® = {& | @ € ®} be the dual root system. Prove that A := {& | a € A}
forms a root basis of ®. Draw the Dynkin diagram of ® and label it with the elements of
A. [You do not need to prove that ® forms a root system.]
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Let g be a semisimple Lie algebra of rank ¢ over C with Cartan subalgebra t and
corresponding root system ®. Let A = {aj,aq,...,ap} be a choice of root basis for ®.
Recall that an element = € g is called regular if the centralizer 34(z) == {y € g | [xy] = 0}
has dimension ¢. [In this problem, you may use any result from the course if clearly stated.]

(a) State and prove a criterion in terms of roots for an element ¢ € t to be regular.

(b) Show that if £ > 1 and x € g, for some root «, then z is not regular.

(c) Let e = <8 é) and h = <(1] _01> Suppose
¥ :sl(C) = g

is an injective homomorphism such that ¥ (h) € t and ¥(e) = Zle eq,; for some nonzero
elements ey, € go,. Show that ¢ (h) and ¢ (e) are regular. [You do not need to prove the
existence of 1.]

Let g be a semisimple Lie algebra over C with Cartan subalgebra t and corresponding
root system ®. Let A = {aj,as,...,ay} be a choice of root basis, and let {wy,...,wp} be
the fundamental weights with respect to this choice of A. Given a dominant weight A, let
V(X) be the irreducible representation of g with highest weight A.

(a) State the Weyl dimension formula, briefly defining the notation you use.
For the rest of the problem, assume g = s05(C) and that «; is a short root.

(b) Let A = awy + bws be a dominant weight. Using the Weyl dimension formula,
find a formula for dim V()) in terms of a and b. [You do not need to prove the Weyl
dimension formula.]

(c) Let V be the defining 5-dimensional representation of g. Decompose V @ V into
irreducible subrepresentations, i.e. find A1, Ag, ..., A, such that VRV ~ V(A1) ®...&V(\,)
as a representation of g. Explain your logic.

(d) Let M(w2) be the Verma module of highest weight ws. Describe the weights of
M (ws) and the weights of its maximal proper submodule in terms of a; and a3. [You do not
need to provide a proof for your answer to part (d).]
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Let g be a simple Lie algebra of rank ¢ over C with Cartan subalgebra t and root
system ®. Let &g C ¢ be the subset of roots of maximal length. Let

h:t@ Zga‘

ac€dg

Let A be a root basis of ®. [Throughout this problem, you may use any result from the
course.|

(a) Show that there exists a unique choice of simple roots Ag for ®( such that the
fundamental Weyl chamber for A contains the fundamental Weyl chamber for A. [You
may use without proof that ®( is a root system of rank ¢.]

For the rest of the problem, assume that g is of type G2, and fix the root basis Ag
as in part (a). You may use without proof that ®( is a root system of type Ay and that
h is a subalgebra of g isomorphic to sl3. Let {w1,ws} be the fundamental weights for @
corresponding to Ag. For a dominant weight A, let V() be the irreducible representation
of b of highest weight .

(b) Suppose A\ = aw; + bws is a dominant weight for ®y with respect to Ay. State
and prove a criterion on the pair (a,b) for A to be a dominant weight for ® with respect
to A.

(c) Let V be the 7-dimensional irreducible representation of g. Decompose V' under
its restriction to b, i.e. find weights A1, ..., A, such that V] ~ V(A1) ®...®&V ()\,). Explain
your logic.

(d) Suppose A = awy + bws is a dominant weight for ® with respect to A, and let
U be the irreducible representation of g with highest weight A\. Show that U|, contains a
submodule isomorphic to V (bw; + aws).
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