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1 Consider © a connected open bounded set of R? and let 2y € Q and let » > 0
be such that B(zg;r) C Q. We denote by dS the surface measure on 0B(zp;r) and we
denote wy the Lebesgue measure of the unit ball, i.e., wgy = meas(B(0;1)). Recall that if

u € C?(f) is harmonic in Q then

1 1 -
u(xo) = o /B(xo;r) u(z)dr = dogrd—T /63(3:0;7“) u(z)dS, for any B(zg;r) C Q. (1)

(i) Let u € C%Q) satsfying (1) in Q such that there exists y € Q with u(y) = supq u
or u(y) = infgu. Prove that v must be constant in . Hint : Consider the set
Qur = {x € Q; u(xr) = M} for M := supqu and prove that Qpr = SQ.

(ii) Prove that any continuous function in  satisfying (1) for any xg,r such that
B(zo;r) C 2 must be harmonic in . Hint : Combine point (i) with the solvability of
the Dirichlet problem on balls proved in lectures, i.e., consider the unique harmonic
function h in B(xo;r) such that h = u on 0B(xg;7).

(iii) Let ¢ € C*(R?) be a radial function such that

1
supp(y) C B(0,1), / o(x)udr = wd/ o(r)yritdr = 1.
R4 0

and let .
we(z) = e 4 (—> , VzeRY, Ve>0.
€

Denoting by * the convolution of functions in R%, i.e.,

wrpde) = [ ul)ode =)y

Prove that, for every x € 2,

1
u* e(x) = /0 /Sdl u(z + erw)o(rw)r®tdrdw, e < dist(z, Q). (2)

Hint: Observe that, as ¢ is a radial function, one can write p.(y —x) = p(r —y).
Then, use the change of variables y — x +vy and later spherical coordinates y = rw,
forr € (0,+00) and w € S,

(iv) If u is a continuous function satisfying (1), use (2) and the properties of ¢, to prove
that
u(r) = @ * u(x), Ve e Q, e <dist(z,00). (3)

Deduce from (3) that u € C*(Q).

(v) Suppose that ' C € is an open set whose closure € is such that R(Q) :=
dist(€,09) > 0. Using (1), show that for any « harmonic function u € C*(),

d
‘max max [dy;ul < —mszzxx|u|. (4)

j=1,...d Q R(Y)
Hint: Recall that meas(0B(0, R)) = dwgR".

Part 111, Paper 107



2% UNIVERSITY OF
Y% CAMBRIDGE 3

2 Let Q be a connected bounded open set of R? with boundary 0 and let o € 9.

e The point z( is said to be regular with respect to the Laplacian if there exists a
continuous function w € C%(Q; R) satisfying the properties

w(rg) =0, Aw<0inQ, w>0in Q\ {zo}. (1)

e 0N satisfies the exterior sphere condition at x( if there exists a ball B(y, R) such

that B(y, R) N Q = {zo}.

(i) (d = 2) Prove that if Q C R? satisfies the exterior sphere condition at a point ¢ € 912,
then zg is a regular point for the Laplacian.
Hint: Consider, for a given z € R?, a function of the form w(z) = log (8|x — y|),
for § € R to be chosen.

(ii) Consider an operator of the form

with smooth coefficients and satisfying,

a(z) = a’'(z), (3)

A > 0 such that Y a” ()& = M¢P?, Vo eQ, VEeRY, (4)
i.j

3¢ > 0 such that max bj(z)] < AL. (5)

=1,...

where A and /¢ are two given real constants. State and prove the weak mazimum
principle for this operator under the assumptions (3), (4), (5) and that ¢ = 0.

(iii) If we assume that ¢ > 0, does the weak maximum principle hold true? Find a proof
or a counterexample according to your answer.

(iv) Suppose ¢ = 0. Let p € C°(00) and f € C%%(Q) be fixed, for some o € (0,1). Use
the previous point to prove that solutions to the Dirichlet problem

Lu=f, in§,
{ U=, on 0f). (6)

are unique in C°(Q) N C2%(Q).

(v) Let u € C%(Q) N C?(2) be the unique solution of (6) as in the previous point. Does
u € C?%(Q) hold? Give sufficient conditions on ¢, f and on the regularity of 9 to
guarantee that C%(Q).
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3 Let d = 3 and B(zo,r) = {2 = (z1,22,23) ER?; |z — 0| <r} for any r > 0
and z¢ € R3. Set in particular B = B(0,1). Consider £ = Z?,j:l Ox; (0 (2)0y,) for the
matrix
) 1-2 0 0
Az) = (a¥(2)) = 0 1 01, Vz € B. (1)
0 01

Given f € LY(B) with g € (1,00), consider the Dirichlet problem

—Lu=f in D, u=0 ondD. (2)

(i) Fix r € (0,1) and xy € B such that B(zg,r) C B. Recall that a weak solution
u € HY(B) of (2) satisfies

2
/ (Vu Vo — %%w@xlqb) dx = / fodx, Vo € HY(B(zo,7)). (3)
B(zo,r) B(zo,r)
Consider w € HE(B(wo,r)) satisfying Aw = 0 weakly in B(zo,7), i.e.,
/ Vw - Vedr =0, Vo € HY(B(zo,7)). (4)
B(zo,r)
Defining v = u — w, prove that v € Hg(B(zo, 7)) satisfies

/ |Vol2de < cl/ |Vul|?dz + Co / Ifl5dz | | (5)
B(zo,r) B(zo,r) B(zo,r)

for some constants C7,Cy > 0.

wlot

(ii) Prove that, if ¢ = 2, then for some C5 > 0

5

3
[ amas) <e [ jfPa)ette fra=go @
B(zo,r) B(zo,r) 2

(iii) Recall that a result from lectures guarantees that if g € H. (B) satisfies

/ g(
B(zo,p)

then g € C%%(B). Assume that there exists Cy > 0 such that

2
dr < M?*p3T*, VB(xg,p) C B,

(7)

.
- - 9(y)dy
meas(B(zg, p)) B(wo,p) )

x) —

/B( : Vul*dz < Cyp' ™2 (HVUH%%B) + HfH%%B)) , VB(wo,p) CB. (8)
z0,p

Prove that u € C%%(B).
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4 Let © C R? be a connected open bounded set with boundary 0§ of class C*, for
some « € (0,1). Let F € C*°(R) be non-negative, with bounded derivatives and satisfying

Ll <F() <22, VzeR, W
IF@lcne@ < 9120 Yo € C>*(@). 2)

Given f € C%*(Q) with f < 0 and ¢ € C%%(Q) with ¢ > 0, consider the semilinear
Dirichlet problem

—Au+ F(u) = f in Q, u=¢ on . (3)
Consider, for § > 0,
Xs = {w S CQ’Q(Q); ”w”c2,a(§) < 6} »

which is a convex closed subset of the Banach space C*%(Q2) C C%(Q) N C%(Q).

(i) Let 0 < 0 < 1. For any w € X; consider the linear Dirichlet problem
—Au+ F(w)=f inQ, u=¢ on . 4)
Using Schauder theory from lectures, prove that the mapping
T:Xs+— C*Q); T(w)=u

is well defined. Derive an estimate relating ||7'(w)||c2.« to the norms ||F(w)|co.a,
1T (w)llcos [ fllcoa and [[@lco.a.

(ii) Assuming that
Hf”coﬂa(ﬁ) + H‘PHcZa(ﬁ) <€, (5)

prove that, if § < 1 is chosen small enough, there exists € = ¢(J) > 0 small enough
such that T'(Xs) C Xs.

(iii) Is T always a contraction in X; for 6 > 0 small enough? (Hint: Consider examples
in dimension one that can be explicitely solved.)

END OF PAPER
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