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Let R be a Dedekind domain with fraction field K, L. O K a finite separable
extension, B O R the integral closure of R in L.

(i) Fix a non-zero prime ideal g of B, and let p = ¢ N R. Define the ramification
index e the residue degree f,/,, and show that for fixed p,

[L:K]= Z €q/pfa/p:

qlp

q/p

(ii) Let I/%; be the completion of R at p, K, its fraction field, E be the completion
of B at ¢, and L, its fraction field.

__ Describe the relationship between the ramification indices and residue extensions of
B, and of B. [You need not prove your answer.|

(iii) Now suppose the extension L/K is Galois. Define the inertia group I, /p» the
decomposition group D, /, and describe the relation between these groups, Gal(L/K) and
Gal(Lq/Kp).

(iv) Let R = Z, and let L be the field generated by a root of the cubic polynomial
2 + 2522 — 50z + 40.

q/p

Describe L, a uniformiser for it, and its residue field, for all primes ¢ lying over the
primes p =2 and p = 5.

Let E be the Galois closure of L/Q.
Determine the decomposition group and inertia groups for p = 2,5 in Gal(E/Q).
Determine Gal(E/Q).

[The prime factorisation of the discriminant of this polynomial is —4 x 25 x 13807.]

(i) State Krasner’s lemma, and using it show that the completion C, of the algebraic
closure of Q, is algebraically closed.

.o . . . n
(ii) Determine the radius of convergence of the power series exp(z) =3 o %1 as a
function on C,.
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(i) Let L O K be an extension of local fields. Define what it means for the extension
to be unramified.

Now let L O K be an extension of number fields. Define what it means for the
extension to be unramified everywhere.

(ii) Let K be a number field. Define the Hilbert class field K.
(iii) Compute the Hilbert class field when K = Q(v/—6).

Let K be a complete local field, O the ring of integers in K, m the maximal ideal,
7 a uniformiser, k = F, the residue field, and suppose char K = 0.

(i) Prove K* =2 Z X pg—1 x (14 m), stating clearly any results you use. Describe the
structure of (1 4+ m) as an abelian group [you need not prove your answer].

(ii) State the main theorem of local class field theory, describing the finite abelian
extensions of K.

(iii) Compute, for all n > 0, the subgroup Ng,(e,n)/Q,(Q2(§2n)*), where {on is a
primitive 2™’th root of unity.
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