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1 Fix 1/2 < p < 1. Let Xj, Xo,--- be independent identically distributed random

variables with
P(X;=1)=p and PX;=-1)=1-p.

Let S, = X1+ -+ X, and F, = 0(X1, -+, Xp).

(a) Find X\ € (0,1) so that A% is martingale for (F,,).

In the following, we let p(z) = A* for the value of A found in (a). By convention, ¢(0) = 1.

(b) Let T, = inf{n : S, = x}. Use the martingale ¢(S,) to show that for a < 0 < b,

where a, b € Z, we have

P(T, <T}) = p(b) — ¢(0)

o(b) — pla)
(¢) Deduce that for a < 0 < b, where a, b € Z, we have

P(T, < o00) =A"% and P(Tp < 00) =1.

(d) Is ¢(Sy) uniformly integrable? Justify your answer.

2 Let S, = Xj + -+ + X,, where X;, Xo,--- are independent and E(X,,) = 0,

E(X2) =02, € (0,00) for all m > 1. Let F,, = o(X1,- -+, Xp)-

(a) Show that for ¢ > 0, (S, + ¢)? is a submartingale for (F,).

(b) Use the submartingale in (a) and Doob’s inequality to show that for all z > 0

IP’( max S, = x) < var(5p)

1<m<n var(Sy,) + a2’

(c) Show that S2 — var(S,) is a martingale for (F,).

(d) Now, suppose in addition that |X,,| < K a.s. for all m > 0. Use the martingale in

(c) to show that for all z > 0

IP( max |Sp| <z

1<m<n

(z+ K)?
) N var(Sy,)
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3 Let (X,, : n € N) be a sequence of independent random variables, each uniformly
distributed on the set {—1,1}. Set S, = X1 + -+ + X,,.

(a) Compute the cumulant generating function ¢ of X; and show that its Legendre
transform is given by

() = (1+x)log(1+x) —5 (1 —2x)log(1— x)

(b) Consider for 0 < a < ¢ < 1 the event A,, = {an < S, < en}. Show that, for all
A = 0, we have
P(An) > efAcn+¢(/\)nP/\(An)

where P, is the tilted probability measure, given by

dPy /dP = n—v()n,
(¢) Deduce by suitable choices of ¢ and A that, for all a € [0, 1),

1
liminf —log P(S,, > an) > —¢*(a).

n—oco n

(a) What does it mean to say that a random process (X;);>0 is a Brownian motion in
R%?

(b) Show that, if (X;)>0 is a Brownian motion in R? and if U is an orthogonal d x d
matrix, then the process (UX;);>0 is also a Brownian motion in R%.

(c) Let D be a domain in R? and let A be a measurable subset of its boundary dD.
For x € D, define
¢(z) = P(Xr € A)

where (X;)s>0 is a Brownian motion in R? starting from 2 and
T=inf{t >0:X, & D}.
Show that ¢ is a harmonic function on D.
(d) Find the function ¢ in the case d = 2 for

D={(z,y): xR,y >0}, A={(z0):x>0}
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5 Let (X¢)¢=0 be a Brownian motion in R2. Let f be a continuous bounded probability
density function on R? and set

t
&:Aﬂ&m.

(a) Show that the set of times {t > 0: |X;| < 1} is unbounded almost surely.
(b) Show that E(A;/t) — 0 as t — oo.

(c) Show that A; — oo as t — oo almost surely.

6 Let M be a Poisson random measure on (0, co) with intensity Adt, where A € (0, 00).
Let (Y, : n € N) be a sequence of independent random variables, independent of M and
each uniformly distributed on [0,1]. Given a measurable function g on [0, 1], define

Ny
Xe=X{ = ZQ(Yn)
n=1
where Ny = M (0, t].

(a) Show that (X;)¢>0 is a Lévy process.

(b) In the case where g > 0, show that
1
B =M [ a(w)dy

(c) Find a necessary and sufficient condition on g for (X¢);>¢ to be a martingale.

(d) Given continuous functions g; and go on [0,1], find a necessary and sufficient
condition on g; and gy for the processes (X7*)i~0 and (X/?);>0 to be independent.
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