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Recall the expansion for a Dirac field ψ(x) with mass m,

ψ(x) =
∑

p,s

[

bs(p)us(p)e−ip·x + ds†(p)vs(p)eip·x
]

,

where (/p −m)us(p) = 0, (/p +m)vs(p) = 0 and s = ±1
2 .

(a) Briefly explain the meaning of bs, ds†, us and vs.

(b) Assuming the results,

us(pP ) = γ0us(p) , vs(pP ) = −γ0vs(p) ,

P̂ bs(p)P̂−1 = ηP b
s(pP ) , P̂ ds†(p)P̂−1 = −ηPds†(pP ) ,

show that under a parity transformation (P),

ψ(x) 7→ P̂ψ(x)P̂−1 = ηP γ
0ψ(xP ) ,

where |ηP | = 1, xµP = (x0,−x) and pµP = (p0,−p).

(c) Assuming that ψ(x) satisfies the Dirac equation, show that ψP (x) ≡ P̂ψ(x)P̂−1

also satisfies the Dirac equation.

For the remainder of this question, you may assume that P̂ ψ̄(x)P̂−1 = η∗P ψ̄(xP )γ
0

and under a charge-conjugation transformation (C), ψ(x) 7→ Ĉψ(x)Ĉ−1 = Cψ̄T (x) and
Ĉψ̄(x)Ĉ−1 = −ψT (x)C−1, where γµT = −C−1γµC.

(d) Given that the interaction between a photon and an electron is parity invariant
and charge-conjugation invariant, derive an expression for the P and C transformed photon
fields, P̂Aµ(x)P̂

−1 and ĈAµ(x)Ĉ
−1.

(e) How does iaψ̄σµνγ5ψFµν transform under P, C and the combination CP? Here
a is a real constant, σµν = i

2 [γ
µ, γν ], Fµν = ∂µAν − ∂νAµ and γ5 = iγ0γ1γ2γ3. What can

you infer about the transformation properties of this term under time-reversal? Could
such an interaction arise in the Standard Model?
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(a) Consider a field theory with an n-component real scalar field φ and a potential
V (φ). The potential is invariant under global infinitesimal transformations of the field,

φ 7→ φ+ iαataφ ,

where ta are the generators corresponding to the group G = SU(N) and αa are
infinitesimal parameters. The potential is minimized by φ ∈ Φ0 = {φ0 |V (φ0) = Vmin} and
a given vacuum φ0 is invariant under transformations belonging to the normal subgroup
H, i.e.,

t̃iφ0 = 0 ,

where t̃i is a generator for H. By expanding V (φ) about φ0, prove that there are
dim G − dim H massless scalar modes. [You may consider the theory at a classical
level and ignore quantum corrections.]

(b) Now consider an SU(2) gauge theory involving a 2-component complex scalar
field φi (i = 1, 2) and three gauge fields Ba

µ (a = 1, 2, 3) with Lagrangian density,

L = −1

4
F a
µνF

a,µν + (Dµφ)
†(Dµφ)−m2φ†φ− λ

2
(φ†φ)2 , m2 < 0 , λ > 0 ,

where Dµφ =
(

∂µ+ igB
a
µτ

a
)

φ, F a
µν = ∂µB

a
ν −∂νBa

µ− gǫabcBb
µB

c
ν , [τ

a, τ b] = iǫabcτ c and the
generators are related to the Pauli σ matrices by τa = σa/2.

Discuss how the symmetry is spontaneously broken by the vacuum. Why, without
loss of generality, can we take the vacuum to be φ0 = 1√

2
(0, v)T and the fluctuations of

φ about the vacuum to be φ(x) = 1√
2
(0, v + h(x))T , where v and h(x) are real? Write

the Lagrangian density in terms of the physical fields and give their masses (ignoring any
quantum corrections). Draw Feynman diagrams for all their tree-level interactions. [It is
not necessary to derive the Feynman rules.] Comment on the number of massless fields
based on symmetry principles.
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(a) State whether or not each of the following processes is allowed at tree level in
the Standard Model. For those which are allowed, draw all possible tree-level Feynman
diagrams.

(i) u c̄→ c ū (ii) u c̄→ d s̄ (iii) νeµ
− → ν̄eµ

+ (iv) νee
+ → νee

+ (v) νee
− → νee

−.

(b) For the remainder of this question, treat neutrinos and electrons as massless,
neglect mixing between different generations of leptons, and assume that there are no
right-handed neutrinos. The relevant part of the effective weak Lagrangian density for
νee

− → νee
− is,

Leff = −GF√
2

[

ν̄eγ
α(1− γ5)e ēγα(1− γ5)νe + ν̄eγ

α(1− γ5)νe ēγα(cV − cAγ
5)e

]

,

where cV and cA are real constants. Explain how each term is related to the relevant
Feynman diagram(s) you drew for (v) in part (a).

(c) Using Leff, show that the unpolarised cross section for νe(k)e
−(p) → νe(k

′)e−(p′)
is,

σ(νee
− → νee

−) = G2
F H(s)

(

c2V +Bc2A + CcV cA +DcV + EcA + F
)

,

where H(s) is a function of s = (p + k)2 and B,C,D,E and F are constants which you
should find. [Hints: Work in the centre of momentum frame. You may find it helpful to

use the following Fierz identity:

[

γα(1− γ5)
]

ij

[

γα(1− γ5)
]

kl
= −

[

γα(1− γ5)
]

il

[

γα(1− γ5)
]

kj
.

The following expressions may be used without proof:

Tr(γµ1 . . . γµn) = 0 for n odd ,

Tr(γµγνγργσ) = 4(gµνgρσ − gµρgνσ + gµσgνρ) ,

Tr(γ5γµγνγργσ) = −4iǫµνρσ ,

ǫαβσρǫαβλτ = −2(δσλ δ
ρ
τ − δστ δ

ρ
λ) ,

and the differential cross section for A(pA) +B(pB) → C(pC) +D(pD) is,

dσ =
1

|~vA − ~vB |
1

4p0Ap
0
B

(

d3pC
(2π)32p0C

)(

d3pD
(2π)32p0D

)

(2π)4δ(4)(pA + pB − pC − pD) |M|2 .
]

(d) Comment on the behaviour of the cross section for large s.
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To leading order, the scale dependence of a renormalized coupling gi(µ) is given by

µ
dgi
dµ

= − βi
16π2

g3i ,

where µ is the renormalization scale and βi is a real constant. Let α1, α2 and α3 be
the coupling constants of the Standard Model gauge groups U(1)Y , SU(2)L and SU(3)C
respectively, where αi = g2i /4π.

(a) Briefly explain the consequences of βi being positive (as in QCD) or negative.

(b) Derive an expression for α3(µ) in terms of an energy scale Λ where α3 diverges.

(c) Find an expression relating αi(mZ) to αi(µ), where mZ is the mass of the Z
boson.

(d) Suppose there exists a scale, MGUT > mZ for which

5

3
α1(MGUT) = α2(MGUT) = α3(MGUT) .

Show that this implies,

α−1
3 (mZ) = α−1

2 (mZ) +
β3 − β2
3
5β1 − β2

[

3

5
α−1
1 (mZ)− α−1

2 (mZ)

]

.

(e) For a gauge group SU(N) which is coupled to nL left-handed fermions, nR
right-handed fermions and ns complex scalars, all in the fundamental representation,

βi =
11

3
N − 1

3
(nL + nR)−

1

6
ns .

Assuming that there are no right-handed neutrinos, list the scalar and first-generation
fermion fields in the Standard Model and give their SU(2)L and SU(3)C representations.
Hence, calculate β2 and β3 for the Standard Model at an energy scale above the mass of
the top quark.

END OF PAPER

Part III, Paper 305


