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Recall the expansion for a Dirac field ¢ (z) with mass m,

Y(z) = Z [bs(p)us (p)e_ip‘l’ + dsT(p)Us (p)eip.x] :

p,s
s _ s _ _ 41
where (f —m)u’(p) =0, (f +m)v*(p) = 0 and s = +3.
(a) Briefly explain the meaning of b°, d*', u® and v°.

(b) Assuming the results,
u*(pp) ="’ (p),  v*(pp) = =" (p),

Py (p)P~t =npb*(pp),  Pd(p)P~" = —npd(pp),

show that under a parity transformation (P),

U(z) = Py(z) P~ = npyY(zp),

0 0

,—x) and php = (p°, —p).

(¢) Assuming that v (z) satisfies the Dirac equation, show that ¢ (z) = Pi(x) P~
also satisfies the Dirac equation.

where |np| =1, 2 = (z

For the remainder of this question, you may assume that ]51/3(15)]5_1 = n}ézﬁ(ar P)Y°
and under a charge-conjugation transformation (C), ¢(z) — Cy(z)C~! = YT (x) and
C(z)C~ 1 = T (2)C~1, where y#T = —C~14HC.

(d) Given that the interaction between a photon and an electron is parity invariant
and charge-conjugation invariant, derive an expression for the P and C transformed photon
fields, PA,(z)P~! and CA,(z)C~ 1.

(e) How does iai/;a“”'y5wFW transform under P, C and the combination CP? Here
a is a real constant, o = L [y, 4"], F,, = 0,4, — 0,4, and »° = in%y'y*+®. What can
you infer about the transformation properties of this term under time-reversal? Could
such an interaction arise in the Standard Model?
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(a) Consider a field theory with an n-component real scalar field ¢ and a potential
V(). The potential is invariant under global infinitesimal transformations of the field,

¢ = ¢ +ia’t’e,

where t* are the generators corresponding to the group G = SU(N) and a® are
infinitesimal parameters. The potential is minimized by ¢ € ®g = {¢g | V(¢0) = Vinin} and
a given vacuum ¢ is invariant under transformations belonging to the normal subgroup
H,ie.,

t'po =0,
where ' is a generator for H. By expanding V(#) about ¢g, prove that there are

dim G — dim H massless scalar modes. [You may consider the theory at a classical
level and ignore quantum corrections.]

(b) Now consider an SU(2) gauge theory involving a 2-component complex scalar
field ¢; (i = 1,2) and three gauge fields Bj, (a = 1,2, 3) with Lagrangian density,

L= —%F,Z,Fa,uv + (DM(ﬁ)T(DNqﬁ) —m2pte — %(¢T¢)2, m2<0, A>0,

where D,,¢ = (0, + ingT“)qS, Fg, = 0,B; —0,B;, — ge“chﬁBﬁ, [7%, 78] = i€ and the

generators are related to the Pauli o matrices by 7% = 0% /2.

Discuss how the symmetry is spontaneously broken by the vacuum. Why, without

loss of generality, can we take the vacuum to be ¢¢ = %(O,U)T and the fluctuations of

¢ about the vacuum to be ¢(x) = %(O,U + h(x))T, where v and h(x) are real? Write

the Lagrangian density in terms of the physical fields and give their masses (ignoring any
quantum corrections). Draw Feynman diagrams for all their tree-level interactions. [It is
not necessary to derive the Feynman rules.] Comment on the number of massless fields
based on symmetry principles.
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(a) State whether or not each of the following processes is allowed at tree level in
the Standard Model. For those which are allowed, draw all possible tree-level Feynman
diagrams.

1) uc —cu 1) uc —ds 1) Vel —> Veld 1V) Ve — Vg€ V) Ve —> Vel .
. .o d e + . + +

(b) For the remainder of this question, treat neutrinos and electrons as massless,
neglect mixing between different generations of leptons, and assume that there are no
right-handed neutrinos. The relevant part of the effective weak Lagrangian density for
Ve€  — Vege™ s,

GFr _ _ _ _
Log = _ﬁ [yefya(l — Va1 — ) e + 7y (1 — 72 e Eva(cy — CA75)6] )

where ¢y and c4 are real constants. Explain how each term is related to the relevant
Feynman diagram(s) you drew for (v) in part (a).

(c) Using Leg, show that the unpolarised cross section for v.(k)e™ (p) — ve(k')e™ (p')
is,
o(vee” — vee”) = G% H(s) (c%/ + Bc% + Ceyea + Dey + Eca + F),
where H(s) is a function of s = (p + k)2 and B,C, D, E and F are constants which you
should find. [Hints: Work in the centre of momentum frame. You may find it helpful to
use the following Fierz identity:

[ (1= et =)y == [0 =) [ ="y -

The following expressions may be used without proof:

Tr(y#*...4#) = 0 forn odd,
Te(v#9"vP7) = 4(g" g™ — g""9"7 + g7 g""),
Tr(YPyHy"yPy7) = —die??
P Peupry = —2(6%8% —6%.85),

and the differential cross section for A(pa)+ B(ps) — C(pc) + D(pp) is,

1 1 d*pc dB3pp il ,
T o vl <<2w>32p%> <<2w>32p%> @m)'6 (pa +po —pc = pp) IMP ]

(d) Comment on the behaviour of the cross section for large s.
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To leading order, the scale dependence of a renormalized coupling g;(p) is given by

dgi _ _ Bi s
ILLdILL 16772917

where g is the renormalization scale and (; is a real constant. Let aj, as and ag be
the coupling constants of the Standard Model gauge groups U(1)y, SU(2)r and SU(3)¢c
respectively, where a; = g2 /4.

(a) Briefly explain the consequences of 3; being positive (as in QCD) or negative.
(b) Derive an expression for a3(i) in terms of an energy scale A where ag diverges.

(c) Find an expression relating «;(mz) to «;(u), where my is the mass of the Z
boson.

(d) Suppose there exists a scale, Mgyt > myz for which

5
gal(MGUT) = as(Mgur) = as(Mgur) -

Show that this implies,

— 3
Oég—l(mz) = a;l(mz) + % gal_l(mz) — a;l(mZ)

(e) For a gauge group SU(N) which is coupled to ny left-handed fermions, ng

right-handed fermions and ng complex scalars, all in the fundamental representation,
11 1 1
Bi = EN— g(nL +ng) — 6l

Assuming that there are no right-handed neutrinos, list the scalar and first-generation
fermion fields in the Standard Model and give their SU(2); and SU(3)¢ representations.
Hence, calculate o and (B3 for the Standard Model at an energy scale above the mass of
the top quark.
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