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Define the space of Schwartz functions S(R") and the space of tempered distribu-
tions S’(R"), specifying the notion of convergence in each.

Define the Fourier transform on S(R™) and S’(R™). Show that for a tempered
distribution v € §'(R"™) and «,  multi-indices

(D) = X%, (zPu)y = (=1)¥I DA%,

Consider u € §'(R) defined by the function u(x) = %log (1+ 2?). By considering
u/(z), or otherwise, show that for all ¢ € S(R)

i o) = co(0) — 7 Tim ?(@) =90 —jal 4,
< ’SO> QD(O) ldo |x|>e< |:E| ) d

where ¢ is a constant you should determine. Standard results from the course can be used
if clearly stated. You might find it helpful to consider the family of Fourier transform

pairs
1 2 . _ 2
Spn(x) - ﬁe * /4n, (Pn()‘) = \/ﬁe A .

Define the space of distributions D’(R) and the corresponding space of test functions
D(R), specifying the notion of convergence in each.

(a) Prove that if v = 0 in D'(R) then v = const.
(b) Find the most general solution to zv =1 in D'(R).
Hence find the most general solution u € D'(R) to each of the equations
(i) zu' +u =4,
(i) u" = & — 261,
(ili) (2* — 1)u’ = do.
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State and prove the Paley-Wiener-Schwartz theorem.

For ¢ € S(R™) define the dilation by t > 0 by dip(z) = p(tx). Using a duality
argument, show that this definition extends to u € S8'(R™) via

(6pu, ) = t7" (u, 81 40) Ve € S(R™).

Using the Paley-Wiener-Schwartz theorem, show that if v € S’(R"™) and supp (u) C
{z € R" : |z| < 1}, then supp (0;u) C {z € R™ : |tz] < 1}.
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