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1 (a) Find the first two nonzero terms in the asymptotic expansions of the roots of

zexp(l/z) = exp(u)

for large positive wu.

(b) The function A, (av) is defined by
Ay (av) = / exp(—v(asinht — t))dt ,
0

where a and v are real.

Calculate the leading term in the asymptotic expansion of A, (av) as v — oo through
positive real values with a held fixed in each of the following cases:

(i) a > 1;
(i) 0 <a<1;

(iif) a = 1.
[In (iii) you may wish to express your answer in terms of the Gamma function

I(z) = /0 T lep(ot)dt .

Show that
A, (v + W) ~ 213,718 (21 /3)) (1)

for fixed [ and large positive v, where
I(z) = / exp(xt — t3/3)dt .
0

Demonstrate explicitly that, for appropriate limiting values of [, equation (1) is
consistent with each of your answers to (i), (ii) and (iii) above.
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2 The function f(r;e) satisfies the equation
f  2d
d—Tg—F;d—{:—EZf:&ZTfB in r> 1,

where 0 < ¢ < 1. The function f(r;e) also satisfies the boundary conditions
f=1 on r=1, and f—0 as r—oo.
Solve for f by obtaining asymptotic expansions up to and including terms of O(g?), in
two asymptotic regions, 7 = O(1) and 7 = O(e~?), where f3 is a constant to be identified.
Explain how to contruct a composite expansion from the two asymptotic expansions.

Hints. You may quote the general solution, y(z), of

d>y  2dy e 3%
de? " xdr Y x
with y = 0 as ¢ — o0, as

e T 1 00 6—a7—2t _ 6z—4t

_al T
yax+2xx t ’

where « is a constant. The limit of this solution as  — 0 is given by

a+3iln?2
y:7x2 +lhr—a+3m2+y-1+O0(zhz),

where v is Euler’s constant.
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The function ¢ (x,t) satisfies the partial differential equation

51/}tt + wx:c:c:c + 47/} = 51/}1/}96 s
where 0 < ¢ < 1. Seek solutions of the form
) = A(T)eikl(:c—ct) + B(T)eikz(x—ct) + A (T)e—ikl(:c—ct) + B*(T)e—ikg(x—ct) ,

where ki, ko and c are positive real constants, T is an appropriate slow-time scale,
and * denotes a complex conjugate.

Identify k1 < k9 and c such that the weak quadratic interaction induces a resonance; in
doing so identify the appropriate slow-time scale over which this resonance develops.
For the identified values of kq, ko and ¢, find governing equations for the complex
amplitudes Ay and By respectively, where Ay and By are the leading terms of
asymptotic expansions of A and B.

Write | |
Ao(T) = R(T)e® ™) and  By(T) = P(T)e#T)

where the amplitudes R and P and the phases 6 and ¢ are real. By considering a
second-order equation for Ag that is independent of By, or otherwise, obtain governing
equations for the real amplitudes and phases, and deduce that

(R%07)r =0 and (P?pr)r=0.

On the assumptions that the phases are constant, that ¢ = 20 + 7, and that R(0) = 4
and P(0) = 2, solve for R and P, and briefly comment on the solution.

Hints. Solve for P first; the solution to
2Pr = P2 ++% is P =r~tan (%W(T +Tp)) ,
where v and Tj are real constants.
The function ¥(x,t) satisfies the partial differential equation
BUst + Wy + 40 = 02,

where 0 < ¢ < 1. For given real k > 0, seek constants a(x) and (k) such that
periodic solutions of the form

U =acos((1+er)r —t)+ [cos2((1+er)z —t)

exist.
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