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1 You should attempt all parts of this question.

a) Consider the heat equation for (t,z,y) € R?

ou  Pu 0%

oo oy
with the following data:

ou

uly; = uo, ol
b

u,

where ¥ C R? is a real analytic hypersurface with unit normal v, and ug,uq : ¥ — R
are real analytic. Find a condition on ¥ such that a real analytic solution to this
problem exists in a neighbourhood of ¥, clearly identifying any theorems you apply.

b) State the Lax—Milgram theorem. Explain briefly how the theorem may be used to
find solutions to the following PDE problem:

—Au+ug, +u=f in U,
u=0 on OU,

where U C R” is an open, bounded set and f € L%(U) is given.
You may state without justification the weak formulation of this problem.

¢) Let U,V C R™ be open with V. cC U. For u : U — R, define the i*" difference
quotient Alu(z) = h=![u(z + he;) —u(z)] for € V, 0 < |h| < dist (V,0U),
1=1,...,n.

i) Show that if u € H'(U), then

h
a1

1., .
L2y < ”Dl’UHLg(U) , forall0<|h|< §d18t (V,ou), i=1,...,n.

ii) Suppose u € L?(U) satisfies

1
HA?U‘ <C, forall0<|[B] < Sdist (V,0U), i=1,....n.

L2(V)
Show that u € H*(V) with [Diul[ 2y < C for each i =1,...,n.

d) State the Rellich-Kondrachov theorem for H'(U), where U C R™ is open and
bounded, with smooth boundary. Give an example to show that the assumption
that U be bounded is necessary.
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2 You should attempt at most two from questions 2, 3, 4.

Let U C R™ be open, connected, and bounded, with smooth boundary. Let
H = {u c H'(U): / u(z)dr = O}.
U

a) Show that H is a Hilbert space when equipped with the standard H!-inner product.

b) Show that there exists a constant C' > 0 such that
lull 2@y < Cl|Dull 2wy, for all u € H.

You may assume the Rellich—-Kondrachov theorem.
[Hint: assume for contradiction that the result is false, and consider a sequence
(ui)$2, with u; € H satisfying ||u;| 2 > || Dugl| 2./

c¢) Suppose that there exist w € H and v > 0 such that:
_1
lull 2y < v~ 2|1 Dull 2wy, for all u € H,
with equality for © = w. By considering u = w + tv for t € R, v € H, show that
0 < 2t [(Dw, Dv) 2 — y(w,v) 2] + 1 (| D01 2217y = A0l 720 | -

Deduce that w is the weak solution to the PDE problem:

—Aw = yw in U,
%u =0 on OU,
Jyw(z)de =0

[30]
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2)

b)

You should attempt at most two from questions 2, 3, 4.

Prove the Lax—Milgram theorem for a bilinear form B defined on a real Hilbert
space H.

Let U C R™ be open and bounded with C*° boundary, and let A : R™ — Mat(2 x 2)

be a real-valued matrix whose components are C°°(U). Consider the system of
elliptic equations

—Ap+Ap=F inU, (1)
where ¢ : R" — R? are the unknowns, A = >"" | 88—; is the usual Laplacian acting

on each component of ¢, and F : R"” — R? is given. We suppose that ¢ is subject
to the boundary conditions

¢=(0 0)" onaU. (2)

(i) Define a weak solution for the equations (1) subject to the boundary
conditions (2), clearly identifying the space to which ¢ belongs.

Hint: it may be useful to use the notation v € V? to denote a wvector
V= (v1 UQ)T whose components v, vy lie in a space V.

(ii) Show that if a weak solution is such that each component of ¢ is in C%(U),
then the equations (1), (2) hold classically.

(iii) The formal adjoint PT of a linear differential operator P is defined to satisfy
(PU, U)L2(U) = (U, PT’U)LQ(U) Vu,v S CEO(U) .

Compute the formal adjoint for the operator L = —A + A appearing in (1)
and show that L = L' if and only if the matrix A is symmetric.

(iv) Suppose that A is a positive semi-definite matrix. Show that the equations
(1), (2) admit a unique weak solution for any F' in an appropriate space that
you should specify. [30]
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4 You should attempt at most two from questions 2, 3, 4.

Let U C R? be open, and bounded with smooth boundary, and let 7' > 0 be fixed. Define
Ur:=(0,T) x U, % := {t} x U, 0*Ur := [0,T] x OU. Given ¢ € L?>(U) and f € L*(Ur),
a weak solution to the linear heat equation

%—?:Au—kf in Up
u=0 on 0*Ur ()
u =1 on Y

is a function u € L*((0,T); H}(U)) such that
/ (—uvy + Du - Dv)dzdt = / Yudx + / fodzdt
Ur Yo Ur

holds for all v € H'(Ur) with v = 0 on ¥7. You may assume that for any ¢ € H}(U) and
f € L?(Ur), a unique weak solution exists satisfying

HUHL;wH; = iSS(SUI; Nu(t, ) ey < @ll@ll @y + 1 L2 @)

)

for some constant o depending only on U, T

a) Let w € L>®((0,T); H}(U)). Show that w® € L?(Ur) with
1
Hw3HL2(UT) < BTz HwHi;”H;
for some 8 > 0 depending only on U. If, further, w € L>((0,T); H}(U)), show that

- 1 - -
lw® =@ 2y AT |lw = Dl oy (10| oo g1 + 1D e 1)
for some v > 0 depending only on U.

b) Fix ¢ € H}(U). Let Xy, = {u € L>=((0,7); H}(U)) : lull Loy < b}. Let A be the
map which takes w € X; to the unique weak solution in L*°((0,7); H}(U)) of (o)
with f given by f = —w?. Show that A : X;,, — X, is a contraction map provided
b > 0 is sufficiently large and 0 < 7 < T is sufficiently small.

¢) Deduce that the nonlinear heat equation:

%?zAu—u‘3 in U,
u=20 on 0*U;
U= on X

has a weak solution u € L>((0,7); Hi(U)), provided T is sufficiently small.

END OF PAPER
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