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1 Let Xi,...,X;, be independent random variables taking values in [0,1], with
E(X;) = p; € (0,1) for i = 1,...,n. Writing X :=n"1>" X, and g :=n"1> 1" | u;,
prove that

[i
for every z € [0,1 — fi], where kl(a,b) := alog(%) + (1 — a)log(3=%) for a € [0,1] and
b€ (0,1), and where 0log0 := 0.

Hence or otherwise, show that for every § > 0,

) i o0 "
[P’(X > (1 +5),LL) < (Ws) <e 6%/ (2+9)
Prove further that for every § € [0, 1],
o - e " —né%fi/2
PX<O-0m) <\ qg5m) <¢ :

[You may use the inequalities log(1+ z) < z for all z > —1, 22/(2 + z) < log(1 + 2) for all
z>0and z+ (1 —2)log(1l — z) = 22/2 for all z € [0,1) without proof.]
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2 In the context of kernel density estimation, define what is meant by a kernel.
If Xy,...,X, are independent with density f on the real line, define a kernel density
estimator fn, = fnnk(-) of f with bandwidth 2 > 0 and kernel K.

What does it mean to say that a kernel is of order £ € N7

Given ¢ € (0,1] anfi x € R, describe Lepski’s method for choosing a bandwidth iLg
designed to ensure that f s () is close to f(z) with probability at least 1 — 4.

[You may assume the existence of a bounded kernel of order ¢ that vanishes outside
[—1,1], and may find the following definitions helpful: T = Qg(”%, where R(K) =
Joo K2 (u) du,

Hos = {M10g<2b‘2£11§g2(4””>:j:1,.. { 2t log2(4n)J}

20+1

and

On,h,§ = h

. <3zfooR<K> 1og<2|m,5\/6>>1/2

for a suitable foo that you should define.]

With 8 € (0,¢] and L > 0, assume that the density f belongs to the Hélder class
F(B,L) and let
log<2|%n5|/a>>” 2y

2
hopt = <D5,L,K -

where Dg 1, i == ([B] = 1)!\/8R(K)/{Lps(K)} and pg(K) := [ |u|?| K (u)| du. Explain
why there exists n1 = ni1(B,L,K,5) € N such that for n > nj, we have IN”LOpt =
max(?—[n,(g N o, hopt]) = hopt /2.

Now assume further that there exist an event Qo = Qo(n,d) with P(25) < 4, as well
as A= A(B,L) >0 and a positive integer N = N(B,L,K,d) > nj such that for n > N,
we have on g that fo, < A and

9

(z) = f(@)| < 6nps forall h € Hysn0, hopt)-

Prove that for n > N, we have on 2y that

~

fnﬁé,K(x) - f(x” < 0(67[’7[()

)

<log (log(4n)/5) > B/(26+1)

for an appropriate C(3, L, K) > 0.

Finally, assume in addition that f(z) < A and that, when 6 > n~3, we may
take N to be independent of . Prove that there exists a data-driven bandwidth A and
C'=C'(8,L,K) > 0 such that for every n € N and 8 € (0,¢], we have

o (log(en) ) 28/(2B+1)

n

N

E[{/,jx@) — f2)}]
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3 Consider the nonparametric regression model
Y = m(z:) + €,

for ¢ = 1,...,n, where z; < ... < x, are fixed and €y,...,¢, are independent with
E(¢;) = 0 and Var(e;) = 1 for i = 1,...,n. For x € R, write down the optimisation
problem solved by the local polynomial estimator 1., (x) = M, (x; p, h, K) of degree p € Ny
with bandwidth A > 0 and kernel K. Explain what is meant by a linear estimator of
m(x), and under a positive definiteness condition that you should specify and then assume
throughout, prove that 7, (z) is such a linear estimator.

Define what is meant by the effective kernel {wy(z) = wpi(z;z1,...,2,) 1 1 =
1,...,n} of my,(x). If R is a polynomial of degree at most p, prove that

% S wpi(2)R(wi) = R(z).
=1

For 8, L > 0, write down the definition of the Hélder class H(f3, L) of functions on [0, 1].
Let H(p, L) denote the subclass of H(f, L) consisting of functions f that satisfy

D) = O < Lle — 2/

omax (@) = )] < Lo — 2]
for all x, 2’ € [0,1], where By := [8] — 1. Assume that m € H(3,L), that z; = i/n
for i =1,...,n and that K is bounded and vanishes outside [—1, 1]. By first developing
an appropriate bound on the effective kernel, or otherwise, prove that if p < [y and

h >1/(2n), then
|Bias 11, (z; p, h, K)| < C(Xo,p, L, K)hP™7,

where )\ is the smallest eigenvalue of a matrix that you should specify, and where both
C(Xo,p, L, K) > 0 and the universal constant vy > 0 should be specified.
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4 Let (X, A, 1) be a measure space and let (), B) be a measurable space. If g : X — Y
is measurable, define the pushforward measure of p under g.

State the Lebesgue decomposition theorem. What is meant by an f-divergence
between two probability measures P and @ on (X, .A)?

State and prove the data processing inequality. [You may assume the Radon—
Nikodym theorem.]

Define the x2-divergence from Q to P, denoted x?(P, Q). Prove that if Py,..., Py

are probability measures on X and Ay,..., Ay € A form a partition of X', then
1 & 1
;Pa T M(1—> MéngZx (P}, Q),

where Q denotes the set of all probability distributions on X. [You may assume that
f-divergences are jointly convex.]

END OF PAPER
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