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1 Consider the action

S[X] = − 1

4πα′

∫
ηαβ ∂αX

µ∂βX
ν ηµν d

2σ

where σα = (τ, σ) ∼= (τ, σ+ 2π) are coordinates on the worldsheet cylinder, and where the
field X describes a map to R1,25 with its flat Minkowski metric.

a) Derive the classical mode expansion of Xµ(τ, σ).

b) Obtain conditions these modes must satisfy if your solution is to describe a classical
string.

c) Now suppose the target space is R1,24×S1, where the circle has circumference 2πR.
What periodicity condition must be imposed on the field X25(τ, σ) ≡ Y (τ, σ) that
describes maps to this target space circle? Give the new form of the mode expansion
for Y .

d) Show that the mass M of string states in the quantum theory is given by

M2 =
n2

R2
+
w2R2

α′2 +
2

α′

(
N + Ñ − 2a

)

where you should explain the meaning of the integers n,w ∈ Z and N, Ñ ∈ N0, and
the origin of the constant a (which you need not determine).
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2 A βγ-system is a pair of complex bosons with chiral action

S[β, γ] =
1

2π

∫

Σ
β∂̄γ d2z ,

where ∂̄ = ∂z̄. The holomorphic stress tensor of this theory is given by

T (z) = − :β∂γ : (z) + h :∂(βγ) : (z) ,

where ∂ = ∂z and h is a constant.

a) Derive the OPE

β(z)γ(w) ∼ − 1

z − w
and explain why β(z)β(w) and γ(z)γ(w) are both non-singular.

b) Show that γ is a primary field with holomorphic conformal weight h, while β is a
primary field with holomorphic conformal weight 1− h.

c) State the form of the T (z)T (w) OPE in a general 2d CFT. Calculate the holomorphic
central charge associated to the stress tensor of the βγ system above and show it is
unchanged if we replace h by 1− h. How would your result be different if β and γ
were fermionic?

d) In a certain string theory, the (gauge-fixed) worldsheet action is

S =
1

2πα′

∫

Σ
∂Xµ∂̄X

µ d2z+


 1

2π

∫

Σ


b∂̄c+m∂̄n+

D/2∑

a=1

χa∂̄ψ
a +

2∑

r=1

βr∂̄γ
r


 d2z + c.c.


 .

Here, Xµ are the usual free scalars describing a map X : Σ → R1,D−1 where D
is even, and bc are the usual fermionic ghosts for worldsheet diffeomorphisms. In
addition, n is a fermion with h = 0, each ψa is a fermion with h = 1/2, and each
γr is a boson with h = −1/2. Using your result from part c), calculate the critical
dimension of this theory.
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a) What conditions must the operator O(X) obey if cc̃O(X) is to be a valid (fixed)
vertex operator in the closed bosonic string?

b) Briefly outline why the spectrum of the closed bosonic string contains an infinite
tower of particles whose mass M and spin J are related by J = 2 +α′M2/2. [Recall
that :eik·X : has conformal weights h = h̃ = α′k2/4.]

The worldsheet correlation function of three graviton vertex operators

Uk,ε(z) = cc̃ :εµν ∂zX
µ ∂z̄X

ν eik·X : (z)

in the closed bosonic string at genus zero yields the three graviton tree-level amplitude

A(k1, k2, k3) = 4πGN (2π)26 δ26(k1 + k2 + k3) ε(1)
µν ε

(2)
κλ ε

(3)
ρσ T

µκρ(ki)T
νλσ(ki)

in a flat background space-time, where GN is the Newton constant, ε
(i)
µν is the polarization

tensor of the ith graviton, and the tensor

Tµκρ(ki) = kµ23η
κρ + kκ31η

µρ + kρ12η
µκ +

α′

8
kµ23k

κ
31k

ρ
12

with kµij = kµi − k
µ
j .

c) Why is this worldsheet correlation function independent of the insertion points of
the Uki,εi(zi)?

d) Why does the worldsheet correlator lead to an amplitude that is proportional to
two powers of the tensor Tµκρ?

e) Why does Tµκρ contain terms that are linear and terms that are cubic in the
momenta?

f) Explain why the amplitude A(k1, k2, k3) implies that, in bosonic string theory,
gravity is not governed by the usual Einstein-Hilbert action

S[g] =
1

16πGN

∫
R(g)

√−g d26x .

Suggest the schematic form of a target space action that is consistent with
A(k1, k2, k3). [You do not need to worry about the detailed Lorentz index structure.]

[You may find it helpful to use the OPEs

Xµ(z)Xν(w) ∼ −α
′

2
ηµν ln |z−w|2 and ∂zX

µ(z) :eik·X : (w) ∼ − iα
′kµ

2

:eik·X : (w)

z − w . ]
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4 Consider canonical quantization of the scalar fields Xµ in the critical closed bosonic
string (i.e. with D = 26 and normal ordering constant a = 1).

a) Explain what is meant for a state to be i) physical, ii) spurious and iii) null.

b) Show that a state of the form L−1|χ〉 is null if |χ〉 obeys Ln|χ〉 = 0 for all n > 0.

c) Show that the state (
L−2 +

3

2
L2
−1

)
|φ〉

is null when Ln|φ〉 = 0 for all n > 1 and L0|φ〉 = −|φ〉.

d) Show that the states

|ψ〉 =
(
tµν α

µ
−1α

ν
−1 + vµα

µ
−2

)
|0, p〉

of the open string at level 2 are physical if the polarization tensors obey

v · α0 = −1

2
tµµ and tµν α

ν
0 = −vµ ,

where αµ0 =
√

2α′ pµ obeys α0 · α0 = −2.

e) Now consider the case where

vµ =
1

4
tλλ α0µ and tµν =

1

20
(3α0µα0ν + ηµν)tλλ + εµν ,

where εµν is a traceless symmetric tensor obeying εµνα
ν
0 = 0. Verify that this case

obeys the constraints in part d). Show that

|ψ〉 = εµν α
µ
−1α

ν
−1|0, p〉+ |n〉

where |n〉 is null. [Hint: relate |n〉 to the state in part c).]

[You may use without proof the oscillator algebra

[αµm, α
ν
n] = mηµν δm+n,0 ,

the Virasoro algebra

[Lm, Ln] = (m− n)Lm+n +
D

12
m(m2 − 1) δm+n,0

and the algebra
[Lm, α

ν
n] = −nανm+n

between Virasoro generators and the oscillator modes.]
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