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1 Consider a relativistic theory of a single scalar field ¢(x) with Lagrangian density

L and action,
S = /d%z

Define the following: a continuous symmetry of S, a conserved current and the correspond-
ing conserved charge. Explain carefully how these three concepts are related. Your answer
should discuss the circumstances in which the existence of one of these three implies the
other two.

Define the energy-momentum tensor of the theory, 777, and find a formula for it
which holds in the case,

L= 50.00% — V()

for any potential V. FExplain why the energy momentum tensor corresponds to four
conserved currents and find the corresponding conserved charges.

By considering the invariance of S under infinitesimal Lorentz transformations, show
that,

O, [xPTH — 2°TH) = 0

Hence show that the three-vector quantity,
V’i — i / dg.fC xiTOO
' dt

is constant in time.
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2 Consider a theory of two complex scalar fields, W1 and W9 with masses M7 and My
respectively, interacting with a real scalar field ¢ of mass u. The Lagrangian density has
the form £ = Ly 4+ Liny where Ly is the sum of free Lagrangians for each field and the
interaction term is,

Liw = —g ), oWy,
i=1,2

where ¢ is a coupling constant.

Using Dyson’s formula and Wick’s theorem, calculate the tree-level scattering
amplitude for the pair-creation process,

Ui(p) + Wilg) — Tap') + Va(qd)

where W;(p) (¥;(¢)) denotes a particle (anti-particle) with on-shell four-momentum
" = (% p) (¢* = (¢°,q)) of the ¥, field for i = 1,2.

Working in the COM frame where p + q = 0, find the minimum value of |p| for
which the scattering amplitude is non-zero.
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3 Define the Dirac spinor representation of the Lorentz group. In particular, you
should give a formula for the representative S[A] of an element A of the Lorentz group of
the form,

A = Exp[;§%UA4Mﬂ

where Exp denotes the exponential function for matrices, Q,, = —€,, is a matrix of
parameters and

(MPOV = PV _ pOhpov

are the generators of infinitesimal Lorentz transformations.

Using a suitable representation of the Dirac y-matrices, find S[A] explicitly in the
cases,

1 0 0 0 coshf sinhfs 0 0

_ | 0 cos¢p sing 0 .. . | sinh3 cosh3 0 0
DA=R@ =10 _gng cosp 0 | B A=B0B)= 0 0 10
0 0 0 1 0 0 0 1

Determine the value of S[R(¢)] at ¢ = 27 and comment on the significance of your
result.

The standard basis of positive frequency solutions of the Dirac equation is given in
an inertial frame with coordinates x* = (t,x,y, z) as, u(p) exp(—ip - x), where u(p) is the
constant four-component complex vector,

- (%)

with o# = (I,7) and 6* = (I3, —&) and ¢ € C? an arbitrary constant vector. Here

I, is the (2 x 2) unit matrix and & = (0!,0%, 0%) where of, with i = 1,2,3 are the
Pauli matrices. Consider the constant spinor u(p) in two different inertial frames: the
particle rest frame where p* = p4 := (m,0,0,0) and another frame where p# = p =

(mcosh 8, msinh 3,0,0). Show explicitly that,

u(p2) = S[B(B)] - ulp1)
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4 What is meant by a gauge symmetry? Write down the Lagrangian density for
Quantum Electrodynamics (QED) and demonstrate its gauge invariance explicitly.

Write down (without derivation) a set of Feynman rules for calculating scattering
amplitudes in QED in a covariant gauge (e.g. Feynman gauge).

Draw all tree-level diagrams contributing to the following two-particle scattering
processes involving electrons (e™), positrons (e*) and photons (7):

et +e —ef e,
ii) et +e” = v+,
iii) y+et —y+eh.

In each case you should identify clearly the quantum numbers characterising the
initial and final state and label each diagram accordingly.

For each of these processes, use your Feynman rules to evaluate the corresponding
tree-level scattering amplitude.
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