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SECTION I

1E Groups, Rings and Modules
(i) Suppose that A is a matrix over Z. What is the Smith normal form for A? State
the structure theorem for finitely-generated modules over Z.

(ii) Find the Smith normal form of the matrix ( N ) Justify your answer.

2 2

Suppose that M is the Z-module with generators e, es, subject to the relations
—4e1 + 2e9 = —6e1 + 2e9 = 0. Describe M in terms of the structure theorem.

(iii) An abelian group is called indecomposable if it cannot be written as the direct
sum of two non-trivial subgroups. Show that a finite group is indecomposable if and only
if it is cyclic of prime power order.

2G Geometry
Given a smooth function h : R? — R, show that the graph

L ={(z,y,2): 2= h(z,y)}

is a smooth surface in R3. Write down a parametrisation of I', and compute the first
fundamental form and Gauss map with respect to it.

3B Complex Methods
State Cauchy’s theorem.

Calculate the Fourier transform of the function
Fap(w) = expl—az? + ibal,

where a > 0 and b are real numbers, making sure to justify any change of variables you
use.

X [Take the Fourier transform f of a function f : R — C to be given by
f(R) = [23 e *e f(x)da ]
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4C Variational Principles
Given a Lagrangian L(x,X,t), what is the momentum p conjugate to x? What is
the Hamiltonian? Under what circumstances is energy conserved?

The dynamics of a particle with position x = (z,y, z) is governed by the Lagrangian
L =mevx-x—V(x), (1)

where m and ¢ are positive constants, and V' (x) is a potential.

Determine the momentum p conjugate to x. Determine the Euler-Lagrange
equation.

Show that p-p is constant. Determine the Hamiltonian. Is it possible to reconstruct
the Lagrangian from the Hamiltonian?

5B Methods
Let u(r, ) satisfy the Laplace equation

u 1 @ 1 9%u

2 e — J— —
vu_3r2+r8r+r2802

=0
in the annulus A given in polar coordinates by

A={(r,0): a<r<b,0<6<2r}.

Use separation of variables to derive a general expression for u. Given boundary conditions
u(a, ) =0 and u(b,0) = cos 26, find u explicitly.

6A Quantum Mechanics
Consider a one-dimensional system described by a wavefunction 1 for which (p) = 0
and (z) = 0.

(i) Write down the commutation relation between & and p.
(ii) Define the uncertainty AO of an observable O in terms of (O) and (O?).

(iii) Considering the one-parameter family of states defined by

¥s(x) = (p —ist)ip(x),

where s € R, derive the Heisenberg uncertainty relation between Az and Ap.
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7D Fluid Dynamics

Starting from Euler’s equations for steady, inviscid flow u of an incompressible
fluid of uniform density p, subject to a body force —Vy, prove that u- VH = 0, where
H = % plul? +p + x and p is the fluid pressure. Interpret this equation physically.
[You may use the identity u x (V x u) = V(3|ul?>) —u- Vu/]

Fluid initially occupies a tank with uniform horizontal cross-sectional area A. It
is syphoned out of the tank using a tube of cross-sectional area a < A as shown in the
diagram below, in which flow directions (not magnitudes) are indicated. One end of the
tube is held at a distance hg below the initial position of the free surface of the fluid in
the tank, while the other end is held at a distance H below that. The tube is full of fluid
and drains freely from its lower end into the surrounding air. Assuming the flow to be
quasi-steady, show that the fluid level in the tank reaches the upper end of the tube after

a time o
t:\/§<AQ—1>/ VH+ ho—VH
a? NG '

a

8H Markov Chains
Let {X,, : n > 1} be independent, identically distributed, integer-valued random
variables. Define

(i) Sp =220 X
(11) Ln = min{Xl, XQ, e ,Xn}
(iii) K, =X, + X,_1, with Xy =0.

Which of the sequences {X,},{Sn},{Ln},{K,} are necessarily Markov chains?
Justify your answers.
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SECTION II

9G Linear Algebra

Let V be a finite-dimensional complex inner product space with inner product (-, -).
A map f: V — Cis conjugate-linear if f(Av + pw) = Af(v) + f(w) for all v,w € V and
Ap€C. Amap 6: V xV — Cis a sesquilinear form if the map v — (v, w) is linear for
each w € V and the map w — (v, w) is conjugate-linear for each v € V. Show that for
each such 6, there is a unique map 3: V' — V such that 6(z,y) = (z, B(y)) forall z,y € V,
and moreover that § is linear.

Let a € End(V). Use the results above to show the existence and uniqueness of the
adjoint o* of a. Prove the following statements. [Standard properties of adjoints can be
assumed.]

(a) For a subspace U of V, a(U) C U if and only if a*(U+) C U*.

(b) If (a(x),z) = 0 for all z € V, then & = 0. Does the same hold in a real inner
product space? Justify your answer.

(¢) aa® = a*a if and only if ||a(x)| = |[[a*(z)|| for all x € V. Does the same hold in a
real inner product space? Justify your answer.

(d) If aa* = a*a, then there is an orthonormal basis of V' consisting of eigenvectors
of a.
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Groups, Rings and Modules

(i) Let R be a commutative unital ring. Show that an ideal I of R is prime if and
only if R/I is an integral domain.

(ii) R is said to be Boolean if r> = r for all r € R. If R is Boolean, prove that
r+r =0 for all r € R. Show also that if R is a non-zero integral domain and is
Boolean, it is isomorphic to the field of two elements. Deduce that in a Boolean
ring every prime ideal is maximal.

(i) Let R be a commutative unital ring and let R[X| be the ring of polynomials in
X, with coefficients in R. Let I be an ideal of R and let I[X] be the ideal of R[X]
consisting of all polynomials with coefficients in I. [You may assume I[X] is indeed
an ideal.] Show that R[X]/I[X] = (R/I)[X]. Deduce that if I is a prime ideal of R
then I1X] is a prime ideal of R[X].

(ii) Give an example to show that if I is a maximal ideal of R then I[X] need not
be a maximal ideal of R[X].

In this part, we assume the prime number p is odd.
Let IFj, be the field of p elements. Prove that its multiplicative group F, = F,\ {0}
is a cyclic group.

Consider the group homomorphism ¢ : Fy — F, given by = 22, and let H be
its image. Show that H has index 2 in F; and deduce that one of 2, 3 or 6 is a
square in F,. Deduce that the polynomial f(x) = 2% — 112 + 3622 — 36 has a root
modulo p.
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11F

(a)

Analysis and Topology
Let X,Y be non-empty sets.

Let dx, dy be metrics on X, Y, respectively. Define what it means for a function
f: X — Y to be uniformly continuous.

We say that a sequence of functions f,, : X — Y converges uniformly to a function
f X = Y with respect to dy if for all € > 0, there exists NV € N such that for all
n > N and for all x € X, dy (fn(z), f(x)) <e.

Show that a uniform limit of uniformly continuous functions f, : X — Y is
uniformly continuous. Give an example to show that the conclusion is false if
convergence is pointwise but not uniform.

Recall that two metrics di and d2 on X are equivalent if the identity map
id: (X,dy) — (X,d2) is a homeomorphism.

Show that if d; and do are such that there exist constants a, § > 0 with the property
that for every z,y € X,

adl(mvy) < dQ(l‘,y) < ﬁdl(‘rvy)v

then di and do are equivalent.
Does the reverse conclusion hold? Give a proof or a counterexample as appropriate.

If d3 and d4 are equivalent metrics on Y, is it true that a sequence of functions
fn : X — Y converges uniformly with respect to ds if and only if it converges
uniformly with respect to d4? Give a proof or a counterexample as appropriate.
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12E Geometry
Consider the Poincaré disc model of the hyperbolic plane, with Riemannian metric

4(dx? + dy?)
Let Dy, ..., Dy be distinct closed hyperbolic discs of hyperbolic area 7, such that Dy is
centred at the origin O and each successive D; is centred on the positive real axis and
tangent to D;_1, as shown in the figure below. Show that the hyperbolic centre of D, is
at (4" —1)/(4™ + 1). [If you use any formulae for hyperbolic lengths or areas then they
should be proved.]

Dy
D1
D

Now consider the upper-half-plane model. Let Dj,..., D] be distinct closed
hyperbolic discs of hyperbolic area 7/2 such that D} has hyperbolic centre at (0,1) and
each successive D) has hyperbolic centre on the line y = 1 and is tangent to D, ;. For
n > 3, is there an isometry from the Poincaré disc model to the upper-half-plane model
which carries each D; to D;? Briefly justify your answer.
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13F Complex Analysis
Define the winding number of a closed curve ~ : [a,b] — C about a point w € C
which is not in the image of 7. [You do not need to justify its existence.]

State the argument principle on a domain U bounded by a closed curve 7.
Deduce Rouché’s theorem, which you should state carefully.

Let f be non-constant and holomorphic on an open set containing the closed unit
disc D. Suppose that |f(z)| > 1 for all z satisfying |z| = 1, and that there exists z¢ in the
unit disc D such that |f(z0)| < 1. Show that the image of f contains D.

Let g be holomorphic and non-zero on the punctured unit disc D* = D \ {0} such
that ¢’/g has a simple pole at 0. Show that there exists a non-zero integer k such that
h’/h has a removable singularity at 0, where h is defined by h(z) = 2~ *g(2).

14B Methods
Transverse oscillations y = y(t, z) of a string in a resisting medium are governed by
the damped wave equation

0%y 0% Oy
9y _ 9y 0, O<az<l1, t>0.
912 8x2+8t v

Assuming the string is fixed at x = 0 and x = 1 so that y(¢,0) = 0 = y(¢, 1), use separation
of variables to derive an expression for the solution with given initial values

x) = Zan sinnmz, (Zy (0,2) =0. (%)

Calculate the Fourier coefficients {a,,} in the particular case

T if 0
0,z) =
y(0,2) {1—95 1f%

For (x) in the case of general coefficients {a,}, use the Parseval identity to calculate

-1 [ (2)'+ ()"

at time ¢ in terms of the coefficients {a,}. Hence, or otherwise, show that the energy is

1
2
1.

//\ //\
//\ //\

the energy

decreasing.
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15C Electromagnetism

Explain why all points of a conductor must sit on an equipotential. What does this
imply for the electric field near the surface of a conductor? Derive an expression for the
surface charge of a conductor in terms of the electric field.

Two spherical conducting shells, with radii R; and Re > R; are connected by a long,
thin conducting rod of length d > R; + R2. A charge @ is deposited on the spheres. What
fraction of this charge resides on each shell? [You may ignore the effect of the electric field
from one shell on the other, and neglect the charge on the rod.]

The same two spherical shells are are now placed concentrically around the origin.
Again, they are connected by a thin conducting rod. What fraction of the charge @ sits
on each shell? [Again, you may neglect the charge on the rod.]

A neutral conducting sphere of radius R is placed in a constant electric field E = Fz.
Work in spherical polar coordinates, with z = r cos 8, and find a solution for the potential
® outside the sphere of the form

@za(r—k%)cosé’
r

for some o and B that you should determine. What is the induced surface charge on the
sphere? Confirm that the sphere is indeed neutral.

16D Fluid Dynamics

A solid sphere of radius a moves in a straight line with speed U through fluid of
density p that is at rest far from the sphere. Calculate the velocity potential ¢ for inviscid,
irrotational flow of the surrounding fluid. Calculate the velocity components in the frame
of reference in which the fluid is at rest far from the sphere. Hence calculate the total
kinetic energy of the fluid.

Now suppose that the sphere has density ps > p and falls with speed U under
gravity g. Write down the rate of change of the potential energy of the system (sphere
plus fluid). By considering the rate of change of the total energy of the system (potential
plus kinetic) or otherwise, show that

aw_rs=r,
dt ,05+%;0
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17A Numerical Analysis
For a function f € C*[—1,2] consider the following approximation of f”(—1):

/(=1 = n(f) = a1 f(=1) + aof(0) + a1 f(1) + az£(2),

with the error
e(f) = f"(=1) = n(f).

We want to find the smallest constant ¢ such that

le(f)] < e max,e—1 o f" ()],
where f""(z) is the fourth derivative of f.

State the necessary conditions on the approximation scheme 7 for the inequality
above to be valid with some ¢ < co. Hence determine the coefficients a_1, ag, a1, as.

State the Peano kernel theorem.

Assuming that the Peano kernel is non-negative in x € [—1, 2], use the Peano kernel
theorem to find the smallest constant c.
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18H Statistics

Suppose Xj,..., X, is an i.i.d. sample from a N(u, 1) population, and we wish to
test the hypothesis
Hy:p=0 against Hp:p#0.

(a) Define a level-a hypothesis test based on X = % >, X, and find an expression for
the p-value p(Z) corresponding to a value X = Z in terms of the standard normal
cumulative distribution function ®.

Now consider a prior distribution on pu, defined as follows: with probability %, take =0,
and with probability %, draw a value of x from a N(0,72) distribution, where 7 is known.

(b) What is the conditional probability density function of X |u? Derive an expression
for the marginal probability density function m(Z) of X under the prior distribution
described above.

[Hint: The formula [~ emar=br gy — gebQ/(‘l“), for a >0, may be helpful.]
(c¢) Find an expression for the posterior probability q(z) that Hy is true, defined by
a(7) = Bl = 0[X = 7).
(d) Suppose we fix n = 100 and 7 = 1. Compare the probabilities p(z) and ¢(%)
obtained in parts (a) and (c):
(i) Which probability is larger when Z is close to 07
(ii) Which probability is larger when |z| is large?
—x2/2

\V2Tx

[You may use the Taylor series approximation 1 — ®(z) ~

, which holds for

large values of x.]

[Standard results can be quoted without proof.]
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19H Optimisation

(a) For n > 1, consider a directed graph G with vertices V = {1,2,...,n} and edge
set E. Following the usual convention, if (i,7) € E, then G has a directed edge
from vertex i to vertex j. Each edge (7,7) € E has an associated capacity Cj; > 0.
Vertex 1 is designated as the source and vertex n is designated as the sink. State
and prove the max-flow min-cut theorem.

(b) Consider the directed graph with edge capacities as shown in the figure below, with
source s, sink ¢, and an intermediate vertex r:

(i) Let the capacity of the edge from s to r be z. Find the maximum flow from
s to t when z = 4. Verify your answer by identifying a cut whose capacity
equals your answer.

(ii) Let 0*(x) be the maximum flow from s to ¢, as a function of z. Derive a
formula for §*(z) when x > 0.

END OF PAPER
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