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SECTION A

1 Given that x = 1 is a solution of

213 — 9224+ 132 -6 =0,

find all solutions of this equation. 2]
2 Differentiate with respect to x
(a) e, [1]
(b) sinh?z . 1]
3 Calculate
(a) /lnx dz, 1]
o0 2
(b) / e ¥ sinzx dz.
o [1]
4 A curve is given parametrically by
r=é
y = sint.
Caleulate its slope 22 at 2 — 1
alculate its slope —— at z=1. [2]
5 Determine the radius and the position of the centre of the circle
2?4y —6x—2y+1=0.
2]
6 For what value of z and k is the line y = kx + 1 tangent to the curve y =lnz?  [2]
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7 Evaluate
(%) .
> (0.999)"

n=0

N
(n+1).
n=0

8 Sketch the graphs of

2
(a) P for —oo <z < 00,
(b) —= (sine + cosz) for —m/4 <o < 7/4
— (sinz 4+ cosz) for —m/4 <z < /4.
V2
9 Find the solutions of
202 + 1742 = 3.
10 Solve

1+sin2z = 2cos’z

for 0<z <.
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SECTION B
118
Write down the first four terms of the Taylor expansion of a function f(x) about
x=2xg. [4]
(a) Taking f(z) = z'/4, find an approximation for (17)1/* as a sum of fractions
using the first three terms of the Taylor expansion of f(z) about z¢ = 16. 6]

(b) Find the expansions about zg = 0 up to and including terms in 3 of
(i) € sinx, [5]

(i) In(1 4 z + 22). [5]
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Porterhouse, the oldest and most famous college in the University of Carrbridge,
has F' Fellows. After dinner, all the fellows seat themselves around a large circular table
to drink of Port and eat Stilton.

Every few minutes the Junior Fellow is required either to cough (which he does
with probability p) or to sneeze (which he does therefore with probability ¢ = 1 — p). If
he coughs, the Port is passed one position to the left. If he sneezes, the Stilton is passed
one position to the right. In this manner, the Port and Stilton make progress around the
table in opposite directions.

Initially, the Port and Stilton are placed together in front of the Senior Fellow. For
notational purposes, the Port is said to start “in position 0”. Each time the Port moves, its
position increases by one, and so the Port visits positions 0, 1, 2, ... in turn. Likewise,
the Stilton, though starting in the same place, is said to start “in position F”, and each
time it moves its position decreases by one. It therefore visits positions F, F—1, F—2, ...
in turn. Consequently, the first time the Port meets the Stilton, the position numbers of
both will be identical and we can talk of them “meeting at position n” etc.

(a) What is the probability that the Stilton manages to complete one full circuit while
the Port remains stationary?

(b) Write down the probability, p°* | that the Port and Stilton first meet at position
n. (Here and in all subsequent parts of this question you may assume 0 < n < F

and F' >2.)

(c) Write down the mean position, p, at which the Port and Stilton first meet. Write
down also the variance o2 of the position of first meeting.

(d) Calculate the probability, pflpeCialMeet , that the Port and Stilton first meet at position
n with the Port having been first to arrive there.

(e) Calculate the probability that the Port reaches position n before the Stilton gets

ialMeet
meet flpema ee for

there, leaving your answer as a sum of terms of the form pj,

suitable values of n. Explain your reasoning.

and p

(f) Hence (or otherwise) prove the identity

F—n-1 F
n—1+k\ ,p _(F-1\ ., ra F\ ¢ ro
Z( N )pq—<n)pq +Zl<k)pq :

k=0 k=n+

being careful to explain your reasoning.
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(a) (i) Find the eigenvalues and eigenvectors of the matrix (show your working)

1 3 -1
M = 3 4 =2
-1 -2 2

(ii) Show that the eigenvectors of matrix M are mutually orthogonal.

(b) Consider the following set of linear simultaneous equations

r+2y+3z =1
3x+4y+5z =2
r+3y+4z =3

(i) Using matrix methods show that these simultaneous equations have a unique

solution.

(ii) Find the solution, again using matrix methods.

147

(a) Find the real and imaginary parts of

Q) o
(i) In B <\/§+z)] :
(iii) i7?,

(b) Find all solutions of the equation

-1 =

V3.
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Given the vectors a, b and c,

(a) The vector x satisfies the equation

x=a—(b-x)b-—bAx.

Show that
a-b

1+ |bJ?

x-b =
and thus find the solution for x.
(b) Show that the equation

x =a+ (b x)c

has a unique solution provided that b-c # 1. Discuss carefully the case b-c=1.
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Let

I'(p) :/ zP e % dx,
0

1
B(p.q) = / P11~ 2)t de,
0

be the definitions of the gamma and beta functions for positive p and q.

(a) Show that B(q,p) = B(p,q).

(b) Use 2 = sin? f to obtain the trigonometric form of the beta function

/2
B(p,q) = 2/0 (sin )%~ (cos )21 dh .

(¢) Show that

2

B (n 1)
22n71 :

B(n,n) =

(d) Show that

IL(p)T(q) = B(p,q)T(p+4q)-

[Hint: write the left hand side as a multiple integral and consider possible changes of

variables.]
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(a) Find the substitution that simplifies the differential equation

d
e +y =e¢e"Y,
dx

and give its solution for y=1at x =1.

(b) Solve the differential equation

d
(142%) 2L = 22y,

dx
such that y=2atx=1.
(¢) Find the general solution of
Py _dy _
dz?  dx
and the solution of
d’y dy _

dz? de

such that y = 1 and dy/de =2 at z = 1.
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A function u of two variables x and ¢ is defined by

u(z,t) = t%y (b%"x) (%)

where a and b are (non-zero) real constants, and y is an arbitrary function of a single
variable.

(a) Write down expressions for the following derivatives in terms of y

(i)

ou
ot’
[3]
(i)
Pu
ox3
[3]
(b) Now assume that the (previously arbitrary) function y(s) satisfies the homoge-
neous Airy equation
d%y
@ — Sy = 0.
Use this fact to prove that the function u(z,t) in (x) satisfies the reduced Korteweg-de
Vries equation
ou n Pu 0
ot ox3
for a suitable choice of the (non-zero) real-valued constants a and b, whose values you
should find. [14]
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(a) Give a necessary condition for
P(z,y)de + Q(z,y) dy
to be an exact differential. 2]
(b) Find an expression for the change in
fle,y) = ze™

to first order in dx and dy, when the values of x and y are simultaneously changed from
1to 1+ déx and from 1 to 1 + dy. (3]

(c) Use the method of separation of variables to find the most general solution

u(z,y) of the equation
O*u  O%u

@—Fa—yQ:—QE’)u

given that u satisfies the boundary conditions

u(z,0) = u(z,7) = u(0,y) = u(m,y) = 0.
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(a) Determine whether the following series are convergent

(i)

(i)

(b) For which values of z is the series below absolutely convergent?

= (z—3)"
Zl( n)

(c) Evaluate the following limits

(i)
COS T — COS 3T

lim 5 ,

z—0 T

(i)
Incosx
im —.
z—0 lncos3z

END OF PAPER
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